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1 Examples

In this section, eight examples will be presented, for which we computed
set Lyapunov functions using the method described in this paper. Here the
target region TR is the set {z € B : |x; — ;| < §,1 < i < n}, where B is
a given box containing the equilibrium Z, and § > 0 is a arbitrarily given
constant.

Example 1 A simplified model of a chemical oscillator [2].

{;&1 = 0.5 — 21 + 232,

iy = 0.5 — 23y

The equilibrium is (1,0.5). Let V(x1,z2) = ax? + bry + cr120 + dag +
exd + f, then V(u,v) = 2axiws + (c — 2e)x3a3 — cxdurg + brizy — dryal —
2ax? — cr179 + (a — b+ 0.5¢)x1 + (0.5¢ + €)x2 + 0.5b + 0.5d.

Choosing B = [0.8,1.2] x [0.3,0.7], 06 = 0.01 and ¢ = 0.0001, we get a
targetted Lyapunov function V (z1,12) = x3+22122+38.743611111200003422—

Example 2 This is the well-known Van-der-pol equation:

T1 = —T9
. 2
o =x1 — (1 — 2722
*Stefan Ratschan is with the Institute of Computer Science, Czech Academy of
Sciences, Prague, Czech Republic. Email: stefan.ratschan@cs.cas.cz.

fZhikun She is with the School of Science, Beihang University, Beijing, China. Email:
zkshe77@hotmail.com.




Let V(x1,29) = az}+bx1xo+ca3, then V(ml, x9) = (—2a—b+2c)r1x9+
bx? + (b — 2¢)x3 + badze + 2ca?x3.

Choosing B = [—0.8,0.8] x [-0.8,0.8], § = 0.1 and € = 0.0001, we get a
set Lyapunov function V(x1,x2) = 0.053323508545250003533%—0.01313368441089999943:1ﬂsg—I—
0.0467566663398000029%%.

Example 3 An example from [1]:

1= —x1 + 22
iy = 0.1z — 229 — 27 — 0.123

Let V(x1,22) = ax? + bxd, then V(zy1,x0) = —2ax? + (2a + 0.2b)z 129 —
4bx3 — 2bx3wy — 0.2bx370.
If we choose B = [—0.8,0.8]x[—0.8,0.8], 6 = 0.1 and e = 0.0001, we get a
set Lyapunov function V(x1,x9) = 1.0000000000009998833%—1—1.65129556434000025%%.

Example 4 An example from a Chinese textbook on ODEFEs:

&= —42% + 622 — 22
y=-2y

Let V(x,y) = az* + bx® + ca® + dy?, then V(z,y) = —16az% + (24a —
12b)x° + (—8a + 18b — 8c)at + (—6b + 12¢)x® — dex? — 4dy?.

If we choose B = [—0.4,0.4] x [-0.4,0.4], 6 = 0.1 and ¢ = 0.000001, we
get a set Lyapunov function V (x,y) = 1.0000000000025000024+0.57142857143000003223+
0.28571428571500001622 + 1.52556785714249998y2.

Example 5 An example from [3] whose Lyapunov function has been constructed
using the sum of squares decomposition:

{x':—x—i-(l—i-x)y
j=—(+2)a

Let V(z,y) = az® + bxy + cy® + dy® + ex* + fa2y® + gy*, then V(x,y) =
(—2a—b)z?+(2a—b—2c)ry+by? —ba®+(2a—2¢) x>y + (b—3d)xy® +(—4e)x* +
(4e—2f)aPy+(=3d—2f)zy* + (2f —4g)zy’ + (4e —2f )xty + (2f — 4g)=?y°.

If we choose B = [—0.7,0.9]x[—0.7,0.9], § = 0.1 and ¢ = 0.0001, we get a
set Lyapunov function V (x,y) = 1.007194244604316722%—0.0143884892086333319zy+
1.01438848920861679y%—0.00479616306954444398y3 —0.01079136690647499942* +
0.0215827338129499988z2y? + 0.0107913669064749994y".



Example 6 A three-dimensional example from [5]:

il = —X9
i‘Q = —I3
T3 = —T —21’2—%34—%?

Let V(x1,29,73) = ax? + br3 + c:v% + dxixe + exi1x3 + faoxs, then
V(xy,x9,23) = (—d + e)a? — 2fa3 + (=2¢ — fzi + (—2a — 2e — f)xiz0 +
(—2c —d — e)w123 + (—2b — e — f)aoxs + 2caxiws + ex] + frixy.

If we choose B = [—0.2,0.2] x [-0.2,0.2] x [-0.2,0.2], 6 = 0.1 and ¢ =
0.0001, we get a set Lyapunov function V (x1, v, 3) = 1.230907310701600203+
0.5974216710166000421‘%+0.766971279374999981x§—0.2669712793799998701’1xg—
1.26697127937000009x 1 23 + 0.0721279373367999937x2x3.

Example 7 An example from a Chinese textbook on ODFEs:
T=—-z—3y+2z2+yz
y=3r—y—z+x2
t=-2x+y—z+uzy
Let V(z,y, z) = ax® +by? +c22, then V(x,y, 2) = —2ax? — 2by? — 2c22 +
(—6a + 6b)xy + (4da — 4c)xz + (—2b + 2¢)yz + (2a + 2b + 2¢)xyz

If we choose B = [—0.4,0.4] x [-0.4,0.4] x [-0.4,0.4], 6 = 0.1 and
e = 0.0001, we get a set Lyapunov function V(z,y,2) = 22 + y* + 2.
Example 8 A siz-dimensional system from [2]:
(& = —3 + 4ol — 631y
To = —Xq —xg—l—mg
T3 = X1T4 — T3 + T4T6
iy = 2173 + T326 — T

Ts5 = —21’% — 5 + Tg

I"G = —3.%’31’4 — ib'g — Xg

Let V(z1, 22,73, %4, T5,T6) = axi + bry + cx3 + dxi + exd + fal, then
V (%1, %2, T3, T4, T5, Tg) = —2az} — 4bxs — 2cx — 2dx} — dex? — 2fx2 + (8a —
4b)r 23 + (—12a + 2¢ + 2d)z 17374 + (4b — 8€) 2323 + (2 + 2d — 6 f ) T37476 +
(4e — 2f)x3xe.

Choosing B = [—0.8,0.8] x -+ x [—0.8,0.8], § = 0.1 and € = 0.0001, we
can get a set Lyapunov function V(x1,x9, x3, x4, T5, Tg) = x%—|—2x§‘—|—5.5x§—|—
0.5.@21 + xé + 2x§.
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