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On Probabilistic Automata in Continuous Time

Christian Eisentraut1, Holger Hermanns1;2, and Lijun Zhang3

1 Saarland University, Computer Science, Saarbrücken, Germany
2 INRIA Grenoble – Rhône-Alpes, France

3 DTU Informatics, Technical University of Denmark, Kgs. Lyngby, Denmark

Abstract. We develop a compositional behavioural model that integrates a varia-
tion of probabilistic automata into a conservative extension of interactive Markov
chains. The model is rich enough to embody the semantics of generalised stochas-
tic Petri nets. We de�ne strong and weak bisimulations and discuss their compo-
sitionality properties. Weak bisimulation is partly oblivious to the probabilistic
branching structure, in order to re�ect some natural equalities in this spectrum of
models. As a result, the standard way to associate a stochastic process to a gener-
alised stochastic Petri net can be proven sound with respectto weak bisimulation.
Keywords: Markov processes; nondeterminism; discrete time; continuous time;
process algebra; weak bisimulation semantics

1 Introduction

Process calculi provide compositional theories for complex systems, especially those
involving communicating, concurrently executing components [1]. The consideration
of stochastic phenomena has led to the development of a plethora of stochastic and prob-
abilistic process calculi, seeded in [2,3]. Two of these calculi stand out, in the sense that
they extend classical concurrency models in simple yet conservative fashions: Proba-
bilistic automata [4,5,6], and interactive Markov chains [7]. Though different in �avour,
both are equipped with compositional theories for strong and weak bisimulations and
corresponding equational theories.

In probabilistic automata (PA), there is no global notion of time, and concurrent
processes may perform random experiments inside a transition. This is represented by
transitions of the forms a � , wheres is a state,a is an action label, and� is a probabil-
ity distribution on states. Labelled transition systems are instances of this model family,
obtained by restricting to Dirac distributions (assigningfull probability to single states).
Thus, foundational concepts and results of standard concurrency theory are retained in
their full beauty, and extend smoothly to the model of probabilistic automata.

Since the model is akin to Markov decision processes, its fundamental beauty can
be paired with powerful model checking techniques, as implemented for instance in the
PRISM tool [8].

Interactive Markov chains (IMC) in turn arise from classical concurrency models by
adding a second type of transitionss � s0, that can embody random delays governed by
a negative exponential distribution with some parameter� . This twists the model to one
that is running on a continuous time line, and where executions of actions take no time
and happens immediately – unless an action can be blocked by the environment. This
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Fig. 1. Yardsticks for weak bisimulation on Markov automata.

is linked to the process algebraic notion of maximal progress for internal actions. By
dropping the second type of transitions, again, standard concurrency theory is regained
in its entirety, and extends smoothly to the fullIMC model. The availability of tool
support [9] has led to several academic and industrial applications [10,11,12,13,14,15].
For long, the analysis trajectory was restricted to models,where the weak bisimulation
quotient is free of non-determinism (then corresponding toa continuous time Markov
chain), but with the work of [16] this restriction is obsolete.

The seemingly simple question addressed in this paper is: What happens to the the-
ory of these two concurrency models if we integrate them? This is not only an academic
question, since industrial engineers are desperately asking for formalisms that support
both, probabilistic branching and exponentially distributed delays. Therefore, we are
going to look into a model classMA (Markov automata), that supports two types of
transitions, namelys a � ands0 � s00.

In the context of Petri nets, this move has been done 25 years ago. After Mol-
loy introduced Stochastic Petri nets (which correspond to continuous time Markov
chains) [17], it was a matter of two years until also probabilistic branching was sup-
ported in the form of weighted immediate transitions, leading to the model of gener-
alised stochastic Petri nets (GSPNs) [18]. However, the inventors of GSPNs initially
overlooked the issue of non-determinism arising from concurrently enabled probabilis-
tic branching. To date, the analysis trajectory for GSPNs isa partial one. It is restricted
to confusion-free nets, a class of nets, where non-determinism is absent. Still, the anal-
ysis trajectory developed for this class gives us importantinspiration when formulating
our theory. While a direct combination of thePA and theIMC theories is an almost
easy exercise, it turns out to be very demanding if re�ectingon the different time scales
we now work in. As in plainIMCs, internal probabilistic transitions cannot be blocked
and take no time to execute. Consequently, we aim at fusing sequences of them. This
implies that we need to partially ignore the branching structure of our probabilistic au-
tomata induced substructures when de�ning equalities, especially weak bisimulation,



on them. In particular, we aim at a weak bisimulation that satis�es the equalities de-
picted in Figure 1.PA transitions are drawn with a small dot (omitted if the distribution
is Dirac) after which the distribution follows.E andF indicate distinct equivalence
classes. The rightmost equality is induced byPA weak bisimulation, the leftmost by
IMC weak bisimulation, which is an implication of lumpability.The ones in the mid-
dle are peculiar. The left one motivates what we want to achieve in the interplay of
probabilistic and continuous time Markov behaviour. It re�ects that the minimum of
two exponentially distributed delays is exponentially distributed with the sum of the
rates, and that the probability of the left one �nishing �rstis determined by its relative
weight in the accumulated sum of the rates. In the middle to the right we �nd what
this implies on the level ofPA, namely that our weak bisimulation becomes ignorant
to the branching structure. This equality is invalid inPA weak bisimulation, since in
u there is no successor state equivalent tov0. It is however valid with respect to the
PA forward simulation kernel, the coarsest congruence induced by probabilistic trace
distribution [19,4].

The main contribution of this paper is a de�nition of weak bisimulation on theMA
model that is (i) (indeed) an equivalence satisfying the above equalities, (ii) a congru-
ence with respect to parallel composition, (iii) a conservative extension ofIMC weak
bisimulation, (iv) coarser thanPA weak bisimulation, and (v) can serve as a correctness
criterion when associating a continuous time Markov chain to a confusion free GSPN.

For the sake of space, we establish the congruence result only for a parallel com-
position operator in the style ofPA andIMC, which have common roots in CSP. Other
operators can be considered at will (hiding, restriction,.. . ), with the usual root condi-
tion being needed to arrive at a congruence for non-deterministic choice.

Organisation.Section 2 sets the ground for the paper. In section 3 we introduce
Markov automata. The main contribution of this paper is presented in section 4. In sec-
tion 5, we prove that our notion of weak bisimulation covers the notion of equivalence
for GSPNs as a special case. Section 6 discusses related works and concludes the paper.

2 Preliminaries

(Sub-)distributionsA subdistribution� over a setS is a function� : S 7! [0; 1] such
that

P
s2 S � (s) � 1. We denote bySupp(� ) = f s 2 S j � (s) > 0g the support of�

and de�ne the probability ofS0 � S with respect to� as� (S0) :=
P

s2 S0 � (s). The
subdistribution� with Supp(� ) = ; is denoted by� ; . Let j� j := � (S) denote the
sizeof the subdistribution� . We say� is a full distribution, or distribution, if j� j =
1. Let Dist (S) and Subdist(S) be the set of distributions and subdistributions over
S, respectively. Fors 2 S, we let � s 2 Dist (S) denote theDirac distribution, i.e.,
� s(s) = 1 . Let � and� 0 be two subdistributions. We de�ne the subdistribution� 00:=
� � � 0 by: � 00(s) = � (s) + � 0(s), if j� 00j � 1. Conversely, we say that� 00can be split
into � and� 0. Or that(�; � 0) is a splitting of� 00. Moreover, ifx � j � j � 1, we letx�
denote the subdistribution de�ned by:(x� )(s) = x � � (s).

(Sub-)distributions can also be considered as sets overS � (0; 1], where(s1; r1);
(s2; r2) 2 S � (0; 1] ^ s1 = s2 impliesr1 = r2, and where the second components of
the elements sum up to a number smaller or equal to 1. The set view on subdistribution



will be widely used throughout the paper. For example to denote the distribution�
with � (s1) = 0 :75 and � (s2) = 0 :25, we may write� = J(s1; 0:75); (s2; 0:25)K.
Let for an elements 2 S and a subdistribution� overS the expression� � s denote
the subdistribution that is obtained from� by removing the pair(s; � (s)) from � , if it
exists. To make clear when we talk about sets representing subdistributions and when
about in general sets, we useJ andKfor subdistributions,f andg for sets. Since� is
associative and commutative, we may use the notation

L
for arbitrary �nite sums.

Labelled treesFor �; � 0 2 (N> 0)� we write� � � 0 if there exists a (possibly empty)�
such that�� = � 0.

A partial functionT : (N> 0)� ! L , which satis�es
– if for �; � 0 2 (N> 0)� : � � � 0 and� 0 2 dom(T ) then� 2 dom(T )
– if �i 2 dom(T ) for i > 1, then also� (i � 1) 2 dom(T )
– " 2 dom(T )

is called an(in�nite) L -labelled tree. Let � 2 dom(T ): � is called a leaf ofT if there
is no � 0 2 dom(T ) such that� < � 0. " is called the root ofT . We denote the set
of all leaves ofT by LeafT and the set of all inner nodes byInnerT . If the tree has
only one node, the root node, then this node is contained in both InnerT andLeafT .
In any other case the two sets are disjoint. For a node� of a treeT let Children(� ) =
f �i j �i 2 dom(T )g. In this paper, we considerL -labelled trees with �nite branching,
i.e., jChildren(� )j < 1 for all node� .

3 Markov automata

We integrate probabilistic automata and interactive Markov chains into one model, de-
�ned by means of a twofold transition relation and :

De�nition 1. A Markov automatonMA is a quintuple(S;Act ; ; ; so), where
– S is a nonempty �nite set of states,
– Act is a set of actions containing the internal action� ,
– � S � Act � Dist (S) is a set of probabilistic transitions, and
– � S � R� 0 � S is a set of Markov timed transitions, and
– so 2 S is the initial state.

We lets; u; v; t; E; F; G and their variants with indices range overS. For Markov
timed transitions,�; � 2 R� 0 denote rates of exponential distributions. For probabilistic
transitions,a ranges overAct , and� ranges overDist (S). A probabilistic transition
(E; a; � ) 2 is also denoted byE a � , similarly we de�neE � F . We say an
action a 2 Act is enabled inE , if there exists a probabilistic transitionE a � . A
stateE 2 S is calledstableif the internal action� is not enabled inE . If E is stable,
we use the shorthand notationE#. We employ the maximal progress assumption. This
means that if a state is not stable, time is not allowed to progress, making Markov timed
transitions out of this state irrelevant [20]. As inIMC, this assumption is not evident in
the model, but part of the equivalences de�ned on it.

Now we de�ne a (nonnegative) real-valued functionrateMA : S � S 7! R� 0, that
calculates the rate to reach a states0 from a states by

rateMA (s; s0) =
X

f � js � s0g:



Moreover, we de�nerateMA (s) :=
P

s0 rateMA (s; s0) as theexit rateof s. The subscript
is omitted if clear from the context.

The delay associated with a state that enables Markov timed transitions is ex-
ponentially distributed with the exit rate: for stateu in the upper part of Figure 1
the probability that the transition is executed in the nextz 2 R� 0 time units is
1 � e� rate(u)z = 1 � e� 3�z . In general, the probability to move fromu to the suc-
cessor stateE equals the probability that (one of) the Markov timed transitions that
lead fromu to E wins the race. Therefore, thediscrete branching probabilityto move
to E is given by

P(u; E ) :=
rate(u; E )

rate(u)
;

which is 1
3 in our example. Foru 2 S, we useP(u; �) to denote this discrete branching

distributions.
The subset ofPA arises if = ; , and theIMC subset is the one where the distri-

butions occurring as third components of are all Dirac.

Parallel composition
Assuming we are given twoMAs MA1 = ( S1; Act 1; 1; 1; s1

o) and MA2 =
(S2; Act 2; 2; 2; s2

o), we consider a family of parallel operatorsjjA indexed by
some setA � (Act 1 [ Act 2) � f � g. For a clear presentation we use these opera-
tors as syntactical means to denote some states1 jjA s2, which arises by the parallel
composition ofs1 ands2. As syntactic sugar, we lift them to subdistributions as fol-
lows: for subdistributions� 1 2 Subdist(S1) and � 2 2 Subdist(S2), � 1 jjA � 2 de-
notes the subdistribution inDist (S1 � S2) by distributingjjA. As an example, we have
(� 1 jjA � 2)(s1 jjA s2) = � 1(s1) � � 2(s2).

De�nition 2. Let MA1, MA2 andA as discussed above. The parallel operator can be
applied to the twoMAs to form the parallel compositionMA1 jjA MA2 = ( S;Act 1 [
Act 2; ; ; so) of processes where

– S = f s1 jjA s2 j (s1; s2) 2 S1 � S2g,
– (s1 jjA s2; �; � 1 jjA � 2) 2 iff either

� � 2 A and for eachi 2 f 1; 2g, (si ; �; � i ) 2 i , or
� � 62A and(s1; �; � 1) 2 1 ^ � 2 = � s2 or (s2; �; � 2) 2 2 ^ � 1 = � s1

– (s1 jjA s2; �; s 0
1 jjA s0

2) 2 iff either

� if for each i 2 f 1; 2g, rateMA i (si ; s0
i ) > 0 ^ si = s0

i then � =
rateMA1 (s1; s0

1) + rateMA2 (s2; s0
2), otherwise

� � = rateMA1 (s1; s0
1) ands0

2 = s2, or � = rateMA2 (s2; s0
2) ands0

1 = s1,

– so = s1
o jjA s2

o 2 S1 � S2 is the initial state.

This composition agrees with the one forIMC and for PA (neglecting minor differ-
ences in synchronisation set constructions) on the respective subsets [7,21]. The style
of de�ning this operator can be made more elegant though [22].



4 Bisimulations

We introduce �rst some notations that make our further discussion more compact, at the
price of mildly reduced readability. It enables a uniform treatment of probabilistic and
Markov timed transitions. In doing so, we introduce the pseudo-action� (r ) to denote
the exit rater of a state. Moreover, we let� := f � (r ) j r 2 R� 0g andAct � := Act [ � ,
and�; �; ::: range over this set.

De�nition 3. Let MA = ( S;Act ; ; ; so) be anMA . LetE 2 S and� 2 Act � .
We writeE ���! � if

– E � � ^ � 2 Act or
– E# ^ r = rate(E ) ^ � = � (r ) ^ � = P(E; �).

In order to to compare twoMAs, we compare their initial states in the direct sum of the
two MAs. For this purpose we introduce thedirect sumof two MAs:

De�nition 4.
Let MA1 = ( S1; Act 1; 1; 1; s1

o) andMA2 = ( S2; Act 2; 2; 2; s2
o) be two

MAs with S1 \ S2 = ; . Their direct sum is de�ned as theMA : (S1 �[ S2; Act 1 [
Act 2; 1 �[ 2; 1 �[ 2; s1

o).

Since the initial state of the direct sum automaton does not play a role for bisimulation,
the choice ofs1

o as initial state is arbitrary.

4.1 Strong Bisimilarity

For strong bisimulation, the obvious combination of strongbisimulation forIMCs and
strong bisimulation forPAs can be phrased as follows:

De�nition 5. Let MA = ( S;Act ; ; ; so) be anMA . Let R be an equivalence
relation onS. Then,R is a strong bisimulation iffE R F implies for all � 2 Act � :
E ���! � impliesF ���! � 0 with � (C) = � 0(C) for all C 2 S=R:

Two statesE andF are strongly bisimilar, writtenE � F , if (E; F ) is contained in
some strong bisimulation. TwoMAs are strongly bisimilar if their initial states are
strongly bisimilar in the direct sum of theMAs.

In case that� 2 Act , the condition� (C) = � 0(C) is the same as forPAs [4]. For
� = � (r ), it is an equivalent reformulation of the following:E# implies rate(E ) =
rate(F ) and rate(E; C) = rate(F; C) for all C 2 S= R. The latter is exactly the
one used forIMCs [7], and as such implements maximal progress. Since our de�nition
conservatively extends strong bisimulation onIMCs andPAs, some nice properties, such
as strong bisimulation� being an equivalence relation and a congruence relation with
respect to parallel composition, can be established by combining standard techniques
from [7] for IMCs and [4,23] forPAs. In the following, we focus on weak bisimulation,
which is the central contribution of this paper. We start by introducing weak transitions.



4.2 Weak Transitions

Weak transitions for probabilistic systems have been de�ned in the literature via prob-
abilistic execution in [4], trees [24], or in�nite sum [25].We adopt the tree notations,
and decorate nodes with labels to our convenience of developing the theory.

We consider in the followingS � R� 0 � (Act � �[ f?g )-labelled trees. Brie�y, a
node in such trees is labelled by the corresponding state, probability of reaching this
node, and the chosen action (including the pseudo-action for Markov timed transitions)
to proceed. For a node� we writeStat (� ) for the �rst component oft(� ), Probt (� ) for
the second component oft(� ) andActt (� ) for the third component oft(� ).

De�nition 6. Let MA = ( S;Act ; ; ; so) be anMA . A transition treeT is a
S � R� 0 � (Act � �[ f?g )-labelled tree that satis�es the following condition:

1. ProbT (" ) = 1 ,
2. 8� 2 LeafT : ActT (� ) = ? ,

3. 8� 2 InnerT n LeafT : 9� : StaT (� )
ActT ( � )

�����! � and

ProbT (� ) � � =
q
(StaT (� 0); ProbT (� 0)) j � 0 2 ChildrenT (� )

y
:

Note that the de�nition implies that
P

� 2 LeafT ProbT (� ) = ProbT (" ) = 1 . Restricting
Act � to Act , a transition treeT corresponds to a probabilistic execution fragment: it
starts fromStaT (" ), and resolves the non-deterministic choice by executing a proba-
bilistic transition with the actionActT (� ) at the inner node� . The second label of�
is then the probability of reachingStaT (� ), starting fromStaT (" ) and following the
selected transitions. If in a node� the Markov timed transition is chosen, the third label
ActT (� ) 2 R� 0 represents the exit rate ofStaT (� ). In this case, a child� 0 is reached
with ProbT (� ) times the discrete branching probabilityP(StaT (� ); StaT (� 0)) .

For two transition treesT andT 0, we sayT is a pre�x of T 0, T � T 0 if dom(T ) �
dom(T 0) and 8� 2 InnerT 0 n LeafT 0 : T (� ) = T 0(� ) and 8� 2 LeafT 0 : either
T (� ) = T 0(� ) or � 62LeafT andStaT (� ) = StaT 0(� ) andProbT (� ) = ProbT 0(� ).

An internal transition treeT is a transition tree where eachActT (� ) is either�
or ? . Let T be a transition tree. Then the distribution associated withT , denoted by
� T , is de�ned as

� T
def=

M

� 2 LeafT

J(StaT (� ); ProbT (� ))K:

We say the distribution� T is inducedby T . With the above de�nitions we are now able
to de�ne weak transitions:

De�nition 7. For E 2 S and� a full distribution we write
– E == ) � if � is induced by some internal transition treeT with StaT (" ) = E .
– E �== ) � if � is induced by some transition treeT with StaT (" ) = E , where on

every maximal path from the root at least one node� is labelledActT (� ) = � . In
case that� 6= � , then there must be exactly one such node on every maximal path.
And all other inner nodes must be labelled by� .

– E �̂== ) � if � = � andE == ) � or E �== ) � .



For all three transition relations we say that the transition tree that induces� also
induces the transitionto � .

Note thatE == ) � E andE �̂== ) � E hold independently of the actual transitions

E can perform, whereasE �== ) � E only holds ifE � � E . For all � 6= � , E �̂== ) �
is identical toE �== ) � . Below we de�ne the notion ofcombined transitions[4], which
arise as convex combination of a set of transitions with the same label, including the
label representing Markov timed transitions.

De�nition 8. We write E �== ) C � , if � 2 Act � and there is a �nite indexed
set f (ci ; � i )gi 2 I of pairs of positive real valued weights and distributions such that
E �== ) � i for eachi 2 I and

P
i 2 I ci = 1 and� =

L
i 2 I ci � i .

We say thatE �== ) C � is justi�ed by the setf (ci ; � i )gi 2 I .
Transitions relations from states to distributions can be generalised to take

(sub)distributions� to (sub)distributions, by weighting the result distribution of the
transition of each elementE 2 Supp(� ) by � (E ).

De�nition 9. Let  2
n

^== ) ; == ) ; ; ; ��!
o

. Then, we write�  
 if 
 =
L

si 2 Supp ( � ) � (si )� i , wheresi  � i holds for allsi 2 Supp(� ).

We say that�  
 is justi�ed by the transitionssi  � i . We also generalise stability
to subdistributions:� # if 8E 2 Supp(� ) : E#.

Basic Properties Weak Transitions
Throughout the paper, we will usually assume thatS is the set of states of someMA =
(S;Act ; ; ; so) in the lemmas and proofs without further reference.

Let for two subdistributions� and 
 the distance� (�; 
 ) be de�ned asP
A � S j� (A) � 
 (A)j.

Lemma 1. Let E 2 S and� 2 Act . Then, for any sequence of distributionsf � i gi 2 I

such thatE �== ) C � i , there existsE �== ) C � and a subsequencef � i gi 2 J with J � I
such that8� : 9k : 8k0 2 J ^ k0 � k :

� (� k 0 � � ) < �

The lemma means that the limiting distribution is also attained by some weak combined
transition. Desharnais [24] has proven this lemma for the labelled Markov processes.
Since our weak transition involves only probabilistic states, their proof can be applied
direct to prove the above lemma.

Lemma 2. Let E 2 S and� 2 Act . Then, letf � i gi 2 I be a sequence of distributions,
such thatE �== ) C � i and the� i have limit distribution� , i.e.,

8� : 9k : 8k0 2 I ^ k0 � k : � (� k 0 � � ) < �

Then alsoE �== ) C �:



Lemma 3. Let T be an internal transition tree. Then every sequence of �nitesubtrees
of T , ordered by< , contains a subsequence of �nite transition trees, whose induced
distributions have limit distribution� T .

Lemma 4. Let � 2 Act .
– If � == ) C � 0 and� 0 == ) C � 00then also� == ) C � 00.
– If � �== ) C � 0 and� 0 == ) C � 00then also� �== ) C � 00.
– If � == ) C � 0 and� 0 �== ) C � 00then also� �== ) C � 00.

Lemma 5. Let � and
 be subdistributions, such that� � 
 is again a subdistribution.

And let� â== ) C � 0 and
 â== ) C 
 0. Then� � 
 â== ) C � 0 � 
 0.

Proof. We partitionSupp(� � 
 ) into disjoint sets:
(i) f E j j � (E j ) > 0 ^ 
 (E j ) = 0 gj 2 J ,
(ii) f Fk j � (Fk ) = 0 ^ 
 (Fk ) > 0gk2 K and

(iii) f Ci j � (Ci ) > 0 ^ 
 (Ci ) > 0gj 2 I

Let � �̂== ) C � 0 be justi�ed by the transitionsTE j = ( E j
�̂== ) C � E j ) for j 2 J and

Ci
â== ) C � C i for i 2 I and let 
 �̂== ) C 
 0 be justi�ed by the transitionsTF k =

(Fk
â== ) C � F k ) for k 2 K andCi

â== ) C 
 C i for i 2 I . Combining the two justifying
transitions ofCi , we let

Ci
â== ) C � C i

def=
� (Ci )

� (Ci ) + 
 (Ci )
� C i �


 (Ci )
� (Ci ) + 
 (Ci )


 C i :

Call this transitionTC i for eachCi .
First, we rewrite the distribution� 0 as follows:

� 0 =
M

G2f E j gj 2 J [f C i gi 2 I

� (G) � G

=
M

E 2f E j gj 2 J

� (E ) � E

| {z }
=: y1

�
M

C 2f C i gi 2 I

� (C) � C

| {z }
=: x 1

(1)

Similarly, we have:


 0 =
M

H 2f F k gk 2 K [f C i gi 2 I


 (H ) 
 H

=
M

F 2f F k gk 2 K


 (F ) 
 F

| {z }
=: y2

�
M

C 2f C i gi 2 I


 (C) 
 C

| {z }
=: x 2

(2)

In order to obtain� 0 � 
 0, we �rst addx1 andx2:

x def= x1 + x2 (3)



=
M

C 2f C i gi 2 I

� (C) � C �
M

C 2f C i gi 2 I


 (C) 
 C

=
M

C 2f C i gi 2 I

� (C) � C � 
 (C) 
 C

=
M

C 2f C i gi 2 I

(� (C) + 
 (C)) � C

=
M

C 2f C i gi 2 I

(� � 
 ) (C) � C (4)

Considering the way the partitioning was chosen,y1 andy2 can be further rewritten:

y1 =

0

@
M

j 2 J

(� � 
 ) (E j ) � E j

1

A

y2 =

 
M

k2 K

(� � 
 ) (Fk ) � F k

!

Then, adding togethery1, y2 andx, we get:

� 0 � 
 0 =

0

@
M

j 2 J

(� � 
 ) (E j ) � E j

1

A

�

 
M

k2 K

(� � 
 ) (Fk ) � E k

!

�

 
M

i 2 I

(� � 
 ) (Ci ) � C i

!

:

Hence the transitionsTE j andTC i andTF k together justify� � 
 â== ) C � 0 � 
 0. 2

Lemma 6.
Let � be a distribution. Then for each0 < k < 1:
1. For all � 1; � 2 : If � = � 1 � � 2 then also� = k� 1 � ((1 � k)� 1 � � 2).

2. For all � 0: If �  � 0 thenk�  k� 0, for every 2
n

^== ) ; == ) ; ; ; ��!
o

.

4.3 Weak Bisimilarity

A notion of weak bisimulation satisfying our yardsticks in the introduction is not
straightforward to �nd. As a �rst try, we combine the weak bisimulation relations for
PA andIMC in the obvious way, analogously to our approach for strong bisimulation:

De�nition 10 (Naive Weak Bisimulation). Let R be an equivalence relation onS.
Then,R is a weak bisimulation iffP R Q implies for all � 2 Act � : P ���! � implies
Q �== ) C � 0 with � (C) = � 0(C) for all C 2 S=R:



This naive weak bisimulation however is too �ne. It fails to equate the statesu; v
on the left part of our motivating example in Figure 1. To see this, consider the

Markov timed transitionv
� (3 � )

����! � v0 =: � 1. SinceE; F can be assumed stable,

u
� (3 � )

����!
q
(E; 1

3 ); (F; 2
3 )

y
=: � 2 is the only option to match this transition. Assum-

ing, thatE andF lie in two different equivalence classes (for instance eachof them
can perform a distinct probabilistic transition with probability 1), it is easy to see, that
[v0] 6= [ E ] and[v0] 6= [ F ]. It is thus impossible to fully satisfy the bisimulation condi-
tion in De�nition 10, since� 1([v0]) = 1 , but � 2[v0] = 0 . Thusu andv are not weak
bisimilar here.

To overcome this problem, we take some inspiration from Andova and Baeten [26],
and consider a state to be a representation of the distribution that is obtained by fusing
distributions reachable by internal transition, as long asthere is no non-determinism. In
the example above, this would remove our problems, since we would then considerv0

to represent the distribution
q
(E; 1

3 ); (F; 2
3 )

y
, which is perfectly matched by� 2.

It hence appears natural to de�ne weak bisimulation as a relation over subdistri-
butions overS. As for standard bisimulation, our notion of weak bisimulation is not
de�ned over equivalence relations, but uses two symmetric bisimulation conditions in-
stead.

De�nition 11 (Weak Bisimulation). A relation R over subdistributions overS is
called a weak bisimulation if whenever� 1 R � 2 then for all� 2 Act � :

j� 1 j = j� 2 j (5)

and
A.) 8E 2 Supp(� 1): 9� 2

g; � 2
s : � 2 == ) C � 2

g � � 2
s and

(i) J(E; � 1(E ))KR � 2
g and(� 1� E ) R � 2

s

(ii) wheneverE ���! � 0
1 for some� 0

1 then� 2
g �̂== ) C � 00and� 1(E ) � � 0

1 R � 00

and

B.) 8F 2 Supp(� 2): 9� 1
g; � 1

s : � 1 == ) C � 1
g � � 1

s and
(i) � 1

g R J(F; � 2(F ))Kand� 1
s R (� 2� F )

(ii) wheneverF ���! � 0
2 for some� 0

2 then� 1
g �̂== ) C � 00and� 00R � 2(F ) � � 0

2
Two subdistributions� and
 are weakly bisimilar, written� � 
 , if the pair (�; 
 ) is
contained in some weak bisimulation. We say that two statesE; F are weak bisimilar,
denoted byE � � F , iff � E � � F . TwoMAs are weak bisimilar if their initial states
are weak bisimilar in the direct sum of theMAs.

This de�nition requires a careful explanation. First of all, two subdistributions can only
be bisimilar, if they have the same size (Condition (5)). Then exactly as bisimulations
are usually de�ned after Milner, our de�nition consists of two almost symmetric condi-
tions, ConditionA.) andB.). Let us have a closer look at ConditionA.): The behaviour
of a subdistribution is determined by the behaviour of the states in its support plus the
respective probability it assigns to the individual states. ConditionA.) now asks that
for each stateE 2 Supp(� 1), � 2 can reach a subdistribution via internal transitions
only, such that this subdistribution can be split into two subdistributions� 2

g and� 2
s,



such that� 2
g behaves bisimilar to� 1(E ) � � E , and� 2

s behaves bisimilar to� 1� E ,
the remainder of distributionE, if we neglectE (Condition A.(i)). Noteworthy, the
subdistributions of the splittings must also match in theirsize. ConditionA.(ii) is sim-
ply the usual bisimulation condition as also found forPAs andIMCs. ConditionB.) is
completely analogous.

The fact that in ConditionA the distribution� 2 (and� 1 in ConditionB, respectively)
is split only after a sequence of internal transitions, and not necessarily immediately, is
what adds the power of fusing distributions in this de�nition. It might be confusing that
at this point we allow a combined transition, since this seems to allow for unexpected
interference with non-determinism. However, as we will seein Theorem 2, the relation
does not change if we restrict to weak (non-combined) transitions here. By repeated
application of the bisimulation condition on� 1� E and� 2

s, it is not hard to see that in
fact � 2 can reach a distribution, that can be split into several subdistributions, such that
each subdistributions is bisimilar to exactly one state in the support of� 1. Repeating
this argument with the roles of� 1 and� 2 interchanged, this suggests that� 1 and� 2 can
fuse internal transition until they both reach distributions, whose supports are state-wise
bisimilar. Theorem 2 shall make this more explicit.

�s

E

s0

F G

4

4

1
2

1
2

v

E F G

4 2 2

Fig. 2. Fusing distributions after Markov timed transitions

Example 1.Consider theMA depicted in Figure 2, and assumeE; F; G indicate dis-
tinct equivalence classes. For better readability, we haveomitted the labels of internal
transitions. Following similar discussions in the introduction, we want statess andv,
or the corresponding Dirac distributions� s and� v , to be weak bisimilar. We prove
this by giving a bisimulationR containing(� s ; � v ). Let � 1 :=

q
(E; 1

2 ); (s0; 1
2 )

y

and� 2 :=
q
(E; 1

2 ); (F; 1
4 ); (G; 1

4 )
y
. ThenR:= f (� s ; � v ); (� 1; � 2); (� 2; � 2)g [ I D

where I D denotes the identity relation over Dirac distributions over S. All condi-
tions of De�nition 11 are easy to check for(� s ; � v ). Obviouslyj� s j = j� v j. Since
Supp(� s) = f sg, Condition A.(i) is easy to satisfy� v , taking � 2

g = � v and
� 2

s = � ; . For Condition A.(ii) it suf�ces to mention that� 1 R � 2. Condition B.)
follows completely analogously.

Now consider the pair(� 1; � 2). For s0 2 Supp(� 1), we need to split� 2: � 2
g =q

(F; 1
4 ); (G; 1

4 )
y

and� 2
s =

q
(E; 1

2 )
y
. It is now routine to check the remaining condi-

tions of De�nition 11.

The fact that these twoMAs are indeed weakly bisimilar is the nucleus for the fact
that the relation will be a congruence with respect to (a choice operator and in particular)
parallel composition of Markov timed delays.



Example 2.In Figure 3, all transitions are internal,� -labels are omitted. Here, it is not
obvious how to fuse distributions along internal transitions for states, because it can
non-deterministically choose between two internal transitions. However, we see that
any resolution of non-determinism ins induces the same distribution on the classesE,
F andG, namely the one on the right. Therefore, they are weak bisimilar. Note however,
if we change a distribution for one of the internal transitions, thens 6� t.

Example 3.In Figure 4, boths andu have the same probabilities to reach equivalent
states. For example, the probability to reach a state where the only possible transition
performs actione is 0:5, and the probability to reach a state that can perform exactly
transitions with actionse andg is 0:25 for both states. Note that it does not play a role
thats has an actione immediately enabled, since all internally reachable states of both
s andu can internally reach a state wheree is enabled with probability1. So neithers
nor u can refusee. On the other hand, replacing ins the actione by some other action
f 6= e, s andu will not be equivalent anymore.

As a side remark, our new notion of weak bisimulation does notrequire thatR is
an equivalence relation, which is the case for bothPAs [4] andIMCs [7]. The way it
is de�ned, it conservatively extends the non-probabilistic case. A nice consequence is
that our weak bisimulation enjoys some useful properties, that are rare in probabilistic
and stochastic calculi. For instance it is easy to show that the unionR 1 [ R 2 is a weak
bisimulation, provided thatR1 andR 2 are weak bisimulations. This property is not true
for bothPAs andIMCs.

Lemma 7. If � 1 � � 2 then for each0 < k � 1 alsok � 1 � k � 2.

The rest of this paper is devoted to the key properties of weakbisimulation. We
start with a novel proof technique, which is crucial for almost all proofs. If we want
to prove two distributions bisimilar, it suf�ces to show that they are contained in some
bisimulation-up-to-splitting. The de�nition of bisimulation-up-to-splitting is identical
to that of weak bisimulation, except that it weakens every condition of the form� R 

into a splitting condition� R � 
 , which is de�ned asexistk 2 N and subdistributions
� i and
 i for i = 1 ; : : : ; k such that

– � =
L

i =1 ;:::;k � i and
 =
L

i =1 ;:::;k 
 i and
– 8i = 1 ; : : : ; k : � i R 
 i

De�nition 12. R is a weak bisimulation-up-to-splitting, if whenever� 1 R � 2 then for
all � 2 Act � : j� 1j = j� 2j and

�s

s1 s2

E F G E

s3

F G

t

E F G
1
2 1

4

1
4

1
2

1
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1
2 1
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1
2 1

4

1
4

Fig. 3.Fusing distributions in the presence of non-determinism
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Fig. 4. Fusing distributions in the presence of observable actions

1. 8E 2 Supp(� 1) : 9� 2
g; � 2

s : � 2 == ) C � 2
g � � 2

s and
(a) J(E; � 1(E ))KR � � 2

g and(� 1� E ) R � � 2
s and

(b) wheneverE ���! � 0
1 then� 2

g �̂== ) C � 00and(� 1(E ) � � 0
1) R � � 00

2. in addition, an according condition forF 2 Supp(� 2) must hold.

Lemma 8. WheneverR is a bisimulation-up-to-splitting thenR � � .

Proof. Let the relationS consist of all pairs of subdistributions, that can be split into
smaller subdistribution in such a way that the components ofthe splitting are related by
R. Formally,S is the set consisting of all pairs(

L
i =1 ;:::;k � i

1;
L

j =1 ;:::;k � i
2) satisfying

the condition� i
1 R � i

2 for i 2 f 1; : : : ; kg andk 2 N. We will shown thatS is a weak
bisimulation. The lemma then follows fromR � S . We skip completely symmetric
cases without further mentioning.

Consider an arbitrary pair(� 1; � 2) 2 S , with � 1 =
L

i =1 ;:::;k � i
1 and � 2 =

L
j =1 ;:::;k � i

2. The �rst condition is easy to check, since� i
1 R � i

2 impliesj� i
1 j = j� i

2j,
and hencej� 1j = j� 2 j follows. We proceed by induction over the number of compo-
nents of the splittingk. Consider an arbitrary pair(

L
i =1 ;:::k � i

1;
L

i =1 ;:::k � i
2) 2 S and

assumeE 2 Supp(
L

i =1 ;:::k � i
1). If k = 1 the proof follows from� 1 R � 2 and our

choice ofS.
Now assumek > 1 and that the claim holds fork � 1. We will use this by splitting

� 1 and� 2 into two parts as follows:

� 1 = (
M

i =1 ;:::k � 1

� i
1)

| {z }
=: 
 1

� � k
1 and� 2 = (

M

i =1 ;:::k � 1

� i
2)

| {z }
=: 
 2

� � k
2 :

To establish Condition A of weak bisimulation, consider some E 2 Supp(� 1).
Then � 1(E ) = 
 1(E ) + � k

1 (E ). Let l := 
 1(E ) and m := � k
1 (E ) > 0. Since

(
L

i =1 ;:::k � 1 � i
1;

L
i =1 ;:::k � 1 � i

2) 2 S , we have that
 2 == ) C 
 0
2 = 
 2

g � 
 2
s for

two distributions
 2
g and
 2

s , which satisfyJ(E; 
 1(E ))KS 
 2
g and(
 1� E ) S 
 2

s.
Analogously, since(� k

1 ; � k
2) 2 S, by induction hypothesis, we have that� k

2 == ) C

� k
2

0
= � k

2
g � � k

2
s for two distributions� k

2
g and � k

2
s with

q
(E; � k

1 (E ))
y

S � k
2

g

and � k
1 � E S � k

2
s . We conclude by Lemma 5 that
 2 � � k

2 == ) C (
 2
g � 
 2

s) �
(� k

2
g � � k

2
s) = ( � k

2
g � 
 2

g) � (� k
2

s � 
 2
s). To �nish the proof of Condition Ai

of weak bisimulation, we need to show that (i)
q
(E; (
 1 � � k

1)(E ))
y

S � k
2

g � 
 2
g



and, (ii) (� k
1 � E ) � (
 1� E ) S � k

2
s � 
 2

s For (i ) note that
q
(E; (
 1 � � k

1 )(E ))
y

=
J(E; m + l)K= J(E; m)K� J(E; l )K. Now, sinceJ(E; m)KS � k

2
g andJ(E; l )KS 
 2

g:
J(E; m)Kand� k

2
g as well asJ(E; l )Kand
 2

g can be split in such a way that the com-
ponents of the splitting ofJ(E; m)Kand� k

2
g are pairwise related byR and as well the

components of the splitting ofJ(E; l )Kand
 2
g are related byR. This is enough in order

to conclude
q
(E; (
 1 � � k

1 )(E ))
y

S � k
2

g � 
 2
g.

For(ii ) we remark that(� k
1 � 
 1)� E = ( � k

1 � E )� (
 1� E ). To establish(� k
1 � E )�

(
 1� E ) S � k
2

s � 
 2
s we can proceed in the same way as for(i ) above.

For Condition Aii of weak bisimulation supposeE � � with � 2 Act � and hence

by induction hypothesis,
 2
g �̂== ) C 
 00andl� R 
 
 00. Similarly, � k

2
g �̂== ) C � 00and

m� R � � 00. Hence by Lemma 5,� k
2

g � 
 2
g �̂== ) C � 00� 
 00. We observe that(( � k

1 �

 1)(E )) � = m� � l� . Similarly as above,m� � l� S � 00� 
 00follows.

2

This technique is helpful whenever bisimilar distributions are composed of bisimilar
subdistributions. We hence immediately obtain that� is compositional with respect to
subdistribution composition. Formally,

� � � 0^ 
 � 
 0 implies� � 
 � � 0 � 
 0:

Lemma 9. If � 1 � � 2 and
 1 � 
 2 then(� 1 � 
 1) � (� 2 � 
 2).

Proof. Let R � andR 
 be bisimulations that satisfy� 1 R � � 2 and
 1 R 
 
 2, respec-
tively. We can show that the relationS � Subdist � Subdistwith

S= f (�; � 0) j � = � � � ^ � 0 = � 0 � � 0

^ � (R � [ R 
 )� 0^ � (R � [ R 
 )� 0g

is a bisimulation-up-to-splitting. Obviously(� 1 � 
 1; � 2 � 
 2) 2 S . The proof mainly
follows using Lemma 5. 2

Theorem 1. � is an equivalence relation.

Proof. Re�exivity is obvious. For every bisimulationR alsoR� 1 is a bisimulation and
henceR [ R � 1 is so. This proves symmetry. Transitivity is established byshowing
that � � � is a bisimulation. This follows easily from the alternativecharacterisation
of weak bisimulation presented in Lemma 10. 2

Lemma 10. Whenever� 1 � � 2 then for all� 2 Act � : j� 1 j = j� 2 j and
1. whenever� 1 == ) C � 1

g � � 1
s then

(a) � 2 == ) C � 2
g � � 2

s and� 1
g � � 2

g and� 1
s � � 2

s

(b) and whenever� 1
g �̂== ) C � 0

1 then also� 2
g �̂== ) C � 00and� 0

1 � � 00

2. and accordingly for� 2.



Proof. We distinguish two cases, skipping completely symmetric cases. We start with
the special case where� 1 immediately is split and does not perform initial internal
transitions. Formally,� 1 = � 1

g � � 1
s. SincejSj is �nite, we may represent� 1

g asL
i 2 1;:::;n J(E i ; ki � � 1(E i ))Kfor n 2 N, where8i 2 1; : : : ; n : ki � � 1(E i ) > 0.

We proceed by induction overn. The base case with� 1
g = � ; is trivial. For the in-

duction step, we proceed by rede�ning the splitting to a splitting � 0
1

g � � 0
1

s, where
Supp(� 0

1
g) only containsEn . Formally, � 0

1
g = J(En ; kn � � 1(En ))K and � 0

1
s =L

i 2 1;:::;n � 1 J(E i ; ki � � 1(E i ))K� � 1
s . We then prove that for this splitting� 0

2
g and

� 0
2

s exist with � 0
2

g � � 0
1

g and � 0
2

s � � 0
1

s. We call this(?). It follows almost im-
mediately from� 1 � � 2. The only reason why we cannot use Condition Ai of weak
bisimulation directly, is that there always implicitlykn = 1 . It is, however, an easy ex-
ercise to adjust the splitting obtained from this condition. Say we have obtained� g � � s

as a splitting. Then� g � � 1(E1)� E 1 and � s � � 1� E1. We adjust this by setting
� 0

2
g = kn � g and� 0

2
s = (1 � kn )� g � � s. It is easy to check that those subdistributions

satisfy the necessary conditions.

The hard part, however, is to show that� 0
2

g can simulateEn
�== ) C � 0

1, rather than
only En

���! � 0
1 (Condition 1(b)). This proof needs a structural induction over the

transition tree justifyingEn
�== ) C � 0

1, if the tree is �nite. For in�nite trees, we can
reduce the problem to �nite trees with Lemma 3. We explain thedetails later.

For a shorter notation we letE = En in the following. Assume thatE â== ) C � 0
1:

Let this transition be justi�ed by the indexed setf (ci ; � i )gi 2 I and let the respective
inducing transition trees befT i gi 2 I .

We will �rst show how to reach for each of the� i a bisimilar distribution via a
combined transition, and how we can combine these transitions in order to reach a
distribution that is bisimilar to� 0

1 itself.

Consider an arbitrary� i from the indexed set justifyingE �̂== ) C � 0
1 and letT = Ti

be the transition tree inducing this transition.

The simple case isE == ) � E . Since� 2
g == ) C � 2

g and directly� 2
g � k � � 1(E ) �

� E everything follows.

Now assume thatE �== ) � i for arbitrary� i . Then letTpre be the maximal subtree
of T , which is an internal subtree. This means intuitively that if we let all leaves of
Tpre take on more step, as given byT , then these steps are� -transitions. Let� pre the
distribution induced byTpre . We call the distribution resulting from performing all� -
transitions� post . Formally,� post is the distribution induced by the smallest subtree of
T that represents a transition of the formE �== ) .

We then show that� 2
g �== ) C � 00i such that� i � � 00i in three steps: (i) We show

that � 2
g == ) C � 2

ig
pre with � pre � � 2

ig
pre and (ii) � 2

ig
pre

�== ) C � 2
i g
post with � post �

� 2
i g
post and �nally (iii) � 2

i g
post == ) C � 00i with � i � � 00i By Lemma 4, we may then

conclude that� 2
g �== ) C � 00i .

We now combine these transitions transition in order to simulate distribution� 0
1:

Combine the� 00i with the weightsci . More formally, we let� 2
g == ) C � 00 :=L

i 2 I ci � 00i Since� 1(E )� i � � 00i , also� 1(E )ci � i � ci � 00i . Hence by repeated appli-
cation of Lemma 9,� 1(E )� 0

1 � � 00, as required.



We now establish steps(i ) to (iii ): As mentioned before, we proceed by structural
induction over each treesTi inducing a transitionE == ) � i , which in turn are then
combined to the combined transition ofE we actually consider. IfTi is in�nite for
somei , by Lemma 3, it suf�ce to show that we can simulate the induceddistribution
� s of each �nite subtreeS of Ti . Thus, it suf�ces to consider the �nite case in the
following.

Let us hence prove by structural induction over internal transition trees, that when-
ever� E � 
 andE == ) C � , then
 == ) C 
 0 and� � 
 0. Let E == ) � with a �nite
inducing transition treeT . Let us �rst note that
 == ) C 
 g � 
 s and
 g � E and hence

 s = � ; . FurthermoreAii holds true forE and
 g.

Assume we have already established the hypothesis for all strict subtrees of the
internal transition treeT . SinceT is �nite, there is a subtreeS such thatT and S
are node-wise identical on all nodes ofS, except for one leaf node� of S, where
S stops, butT continues by one more transition. Formally, for this node� we know
E 0 def= StaT (� ) = StaS (� ) andProbT (� ) = ProbS (� ), but ActT (� ) = � , whereas
ActS (� ) = " . Furthermore, the nodes ofT , that are not nodes ofS, are exactly the
children of � in T . They de�ne a distribution� E 0 with � E 0(G) = ProbT ( � G )

ProbT ( � ) , if � G

exists, where� G is the node inChildrenT (� ), with StaT (� G ) = G and� E 0(G) = 0
otherwise. Furthermore,E 0 � � E 0.

Let � S be the distribution induced byS. Let � S
s be the subdistribution we obtain

from � S by removing exactly the fraction that is caused by� . Then(ProbT (� )) � E 0 �
� S

s is a splitting of� S . And hence� = � S
s � (ProbT (� )) � E 0.

Now by induction,
 g == ) C 
 0 for some
 0 such that� S � 
 0. Using (?), there
also exist
 0

E 0 and
 0
S such that
 0 == ) C 
 0

E 0 � 
 0
S with 
 0

E 0 � (ProbT (� )) � E 0 and

 0

S � � S
s .

Since E 0 � � E 0, also 
 0
E 0 == ) C 
 00 � � ; and 
 00 == ) C 
 000with 
 000 �

(ProbT (� )) � E 0.
Hence by Lemma 5 and Lemma 4,
 0

E 0 � 
 0
S == ) C 
 000� 
 0

S . Since 
 000 �
(ProbT (� )) � E 0 and 
 0

S � � S
s and � = � 2

s � (ProbT (� )) � E 0 by Lemma 9,

 000� 
 0

S � � . And hence �nally again by Lemma 4, since
 0 == ) C 
 0
E 0 � 
 0

S and

 g == ) C 
 0 and
 == ) C 
 g, we get
 == ) C 
 000� 
 0

S , which completes the induction.
We next consider step(ii ). We want to show that there exists� 2

i g
post such that

� 2
ig
pre

�== ) C � 2
i g
post and� post � � 2

i g
post .

By step(i ) we know that� 2
ig
pre � � pre . TreeTpost can be obtained from treeTpre

by expanding all leaves ofTpre by one� -transition, completely analogously to what we
did in the last paragraph with one leaf.

Using similar ideas as above, we �rst note that

� pre =
M

� 2 Leaf(Tpre )

q
(StaTpre (� ); ProbTpre (� ))

y
:

Then, using as above(?) for each leaf, there exist for each leaf� a distribution
 � , such
that� 2

ig
pre == ) C

L
� 2 Leaf(Tpre ) 
 � and8� : 
 � �

q
(StaTpre (� ); ProbTpre (� ))

y
. Then

we can continue as above.
For (iii ), it suf�ces to repeat the argument for step(i ) for eachF 2 Supp(� post ).



The general case, where� 1 does perform initial internal transitions to some distri-
bution� 0

1, formally, � 1
�== ) C � 0

1 = � 1
g � � 1

s with � 0
1 6= � 1, mainly reuses the special

case above, setting there� 1
g to � 1 and� 1

s to � ; . From there, we obtain in a �rst step
� 2 == ) C � 2

g � � 2
s and� 1 � � 2

g and� ; � � 2
s.

We now will show that� 2 == ) C � 00and� 0
1 � � 00. We also obtain this from the

special case as follows: whenever� 1
�̂== ) C � 0

1 for some� 0
1 then also� 2

g �̂== ) C � 00and
� 0

1 � � 00. Hence by transitivity,� 2 == ) C � 2
g � � 2

s = � 2
g == ) C � 00.

As � 0
1 is directly split now without any initial internal transitions, we can directly

apply the special case for� 0
1 and� 00, which we have obtained in the last paragraph. This

�nishes our proof since then
1. � 00== ) C � 00g � � 00s and� 1

g � � 00g and� 00s � � 2
s .

2. and whenever� 1
g �̂

== ) C � 0
1 for some� 0

1, then also� 00g �̂
== ) C � 000and� 0

1 � � 000,
2

Lemma 11. Let (� 1; : : : ; � k ) be a splitting of� . If � � 
 then there exist
 1; : : : ; 
 k

such that
 == ) C 
 1 � � � � � 
 k and� i � 
 i for i = 1 ; : : : ; k.

Proof. We proceed by induction overk. The casek = 1 is follows immediately from
the de�nition of weak bisimulation. Consider the splitting(� 1; : : : ; � k � 1; � k ) for k >
1. By induction hypothesis, the lemma holds for the splitting(� 1; : : : ; � k � 1 � � k ).
Hence there exist
 1; : : : ; 
 k � 1 such that
 == ) C 
 1 � � � � � 
 k � 1 and� i � 
 i for
i = 1 ; : : : ; k � 2 and(� k � 1 � � k ) � 
 k � 1. Since(� k � 1 � � k ) � 
 k � 1, we can use
Lemma 10 and taking setting there� 1

g = � k � 1 and� 1
s = � k , we get that
 k � 1 == ) C


 k � 1
g � 
 k � 1

s and� k � 1 � 
 k � 1
g as well as� k � 
 k � 1

s .
Since
 k � 1 == ) C 
 k � 1

g � 
 k � 1
s , also
 1 � � � � � 
 k � 2 � 
 k � 1 == ) C 
 1 � � � � �


 k � 2 � 
 k � 1
g � 
 k � 1

s by Lemma 4. And hence, again by Lemma 4, also
 == ) C


 1 � � � � � 
 k � 2 � 
 k � 1
g � 
 k � 1

s, which completes the proof. 2

It is important to note again that for weak bisimulation it isvital that in general
� � 
 does not imply8C 2 S=� � : � (C) = 
 (C). In Example 1 we used0:5� s0 R
J(F; 0:25); (G; 0:25)K, in order to proves R v. However, neithers0 � � F nor s0 � �

G holds. Although retaining exactly this condition is impossible, � and� � satisfy a
weaker form, which can be phrased as an alternative characterisation of� and� � .

Theorem 2. Let MA = ( S;Act ; ; ; so) be anMA , E; F 2 S, and �; 
 2
Dist (S). Then
1. E � � F if and only if: wheneverE ���! � then for some
 : F �== ) C 
 and� � 
 ,
2. � � 
 if and only if: 9� 0 : � == ) � 0 and9
 0 : 
 == ) 
 0 and� � � 0 and
 0 � 


and8C 2 S=� � : � 0(C) = 
 0(C).

The above characterisation implies directly that� � is a generalisation of the weak
bisimulation we have de�ned in De�nition 10:� � demands that wheneverE ���! �
thenF �== ) C � for some� , and� � � . In general, the latter will not imply8C 2
S= � � : � (C) = 
 (C) directly. But instead, by the second clause of the theorem,
these two distributions can fuse distributions to reach distributions� 0and
 0 that satisfy
8C 2 S= � � : � 0(C) = 
 0(C), without leaving their respective equivalence classes.



Furthermore, the distributions
 0 and� 0 from the second clause are as re�ned as
possible with respect to containment of different equivalence classes with respect to
� � . Phrased differently, for every states in the support of� 0 or 
 0, every internal
transition ofs either reaches a distribution, where every state in the support is equivalent
to s itself and can thus not re�ne the distribution any further, or further re�nement by
this internal transition of the distributions� 0 or 
 0, respectively, would immediately
yield a distribution that is not in the same equivalence class. This observation is also the
key observation needed to prove Theorem 2, and is stated formally in Lemma 16.

For the proof of this lemma we need Lemma 14 and 15, which is thedual to the
congruence property of� with respect to subdistribution composition. It states that
two distributions that are identical, except for a certain fraction, must be different with
respect to� , as soon as this fraction is different. This holds independently of how small
the fraction actually is. Additionally, Lemma 12 and 13 dealwith convergent in�nite
sequences of distributions.

Let us use in�nite subsets of the natural numbersI � N andJ � N as index sets for
sequences of (sub)distributions and real numbers. We denote a sequence of elementsai

for i 2 I with hai i i 2 I . If sequencehai i i 2 I has a limitr , we writehai i i 2 I �! r . We
omit the index, if it is clear from the context. Note that (sub)distributions over states
can be considered elements ofRjSj , since we assumedS to be �nite. Hence the usual
results for the convergence of in�nite sequences can be applied.

Lemma 12. Let I be an index set andi 2 I .
If h� (� i ; 
 i )i �! 0 and� i

�== ) C � i
g � � i

s and� i
g �== ) C � 0

i , then9
 i
g; 
 i

s; 
 0
i for

everyi 2 I , such that
 i == ) C 
 i
g � 
 i

s and
 i
g �

== ) C 
 i
0 andh� (� i

g; 
 i
g)i �! 0,

h� (� i
s ; 
 i

s)i �! 0 andh� (� 0
i ; 
 i

0)i �! 0.

Proof. For everyi 2 I , the transition
 i == ) C 
 00
i = 
 i

g � 
 i
s is constructed by

reusing for everyE 2 Supp(� i ) \ Supp(
 i ) the transition ofE , that was used to justify
� i == ) C � i

g � � i
s , and by using for everyF 2 Supp(
 i ) n Supp(� i ) the trivial

transitionF == ) C � F .
Then for the splitting of
 00

i into 
 i
g and
 i

s, we choose
 i
g such that
 i

g(E ) =
min f 
 00

i (E ); � i
g(E )g for everyE 2 S. This ensures that each state inSupp(
 i

g) can
in fact perform transitions of the form�== ) C . The transition
 i

g �== ) C is then chosen as
above.

The claim then follows from the fact that wheni �! 1 then for eachE 2
Supp(� i ) \ Supp(
 i ), j� i (E ) � 
 i (E )j �! 0. 2

In the following lemma we show that two distributions are weakly bisimilar, if they
only differ in an in�nitesimal small fraction.

Lemma 13.

R:= f (
; � ) j 9I : 9h
 i i i 2 I ; h� i i i 2 I :

h
 i i i 2 I �! 
 ^ h� i i i 2 I �! � ^ 8 i 2 I : � i � 
 i g:

is a weak bisimulation.



Proof. Consider(
; � ) 2 R and assume
 == ) C 
 g � 
 s and 
 g �== ) C 
 0. Since
(
; � ) 2 R there are in�nite sequencesh
 i i i 2 I andh� i i i 2 I as in the de�nition ofR.
We �rst show that the behaviour ofh
 i i converges against the behaviour of
 . Then,
since
 i � � i for everyi 2 I , � i can simulate this behaviour, the behaviour of� is
the limit of this behaviour. As we will see, this suf�ces to establish the condition of
bisimulation. As usual, we skip symmetric cases.

Considering the trivial in�nite sequence
; 
; : : : . By Lemma 12, for eachi 2 I we

can �nd 
 i
g; 
 i

s and
 0
i such that
 i == ) C 
 i

g � 
 i
s and
 i

g �̂== ) C 
 0
i andh
 i

g i i 2 I �!

 g andh
 i

s i i 2 I �! 
 s and alsoh
 0
i i i 2 I �! 
 0.

Since� i � 
 i for eachi 2 I , � i == ) C � i
g � � i

s and� i
g �̂== ) C � 0

i and� i
g � 
 i

g

and� i
s � 
 i

s and� 0
i � 
 0

i .
By the theorem ofBolzano-Weierstraß, there exists an in�nite subsequenceJ1 of the

� i
g such thath� j

g i j 2 J 1 �! � � g for some� � g. Repeating the argument forh� j
s i j 2 J 1 ,

there must exist again an in�nite subsequenceJ2 such thath� j
s i j 2 J 2 �! � � s for some

� � s . And repeating it once more, forh� 0
j i j 2 J 2 ,there must exist an in�nite subsequence

J3 such thath� 0
j i j 2 J 3 �! � � 0 for some� � 0.

Now for � , with the trivial in�nite sequence�; �; : : : by Lemma 12, for eachi 2 J3,

we see that there exists� ig ; � is and� i 0
, such that� == ) C � ig � � is and� ig �̂== ) C � i 0

and� (� ig ; � i
g) �! 0, � (� is ; � i

s) �! 0 and� (� i 0
; � 0

i ) �! 0. But this means that
alsoh� ig i i 2 J 3 �! � � g andh� is i i 2 J 3 �! � � s andh� i 0

i i 2 J 3 �! � � 0 and hence by

Lemma 2,� == ) C � � g � � � s. Sinceh� (� � g; � ig )i i 2 J 3 �! 0 and� ig �̂== ) C � i 0
and

h� i 0
i �! � � 0 there exists a sequence of� �

i
g such that� � g == ) C � �

i
g by Lemma 12

andh� �
i

g i �! � � 0. Hence also� � g �̂== ) C � � 0 by Lemma 2.
Now we check if also(
 g; � � g) 2 R . This holds sinceh
 i

g i i 2 J 3 �! 
 g and
h� i

g i i 2 J 3 �! � � g and �nally, 
 i
g � � i

g for eachi 2 J3. We can check the remaining
cases completely analogously. 2

Lemma 14. Let E �=) � and� E 6� � . Then for every0 � k < 1 : E 6� k� E � (1 �
k)� .

Proof. Assume that on the contrary for a �xedk in fact E � k� E � (1 � k)� holds.
SinceE 6� � , butE �=) � , there either must be a transitionE � 
 such that whenever

� �̂== ) C 
 0, then
 0 6� 
 or if � 6= � , then possibly directly� 6�̂== ) C . We will refer to

this fact by(?). The second case immediately impliesk� E � (1 � k)� 6�̂== ) C , which

is a contradiction to our assumption. In the �rst case, sincewhenever� �̂== ) C 
 0 then

 0 6� 
 , but still, by our assumption,E � kE � (1 � k)� , there must exists some� and

some
 0 such thatE �̂== ) C � and� �̂== ) C 
 0 andk� � (1 � k)
 0 � 
 holds. We will
refer to this fact by(?1).

Again, it cannot be the case that� can simulate the transitionE �== ) C � . To see

this, assume the contrary. Then, for some� 0 : � �̂== ) C � 0 and� � � 0. But then also
� == ) C k(� 0) � (1 � k)
 0 � k� � (1 � k)
 0 � 
 . A contradiction to(?)!

Nevertheless, by our assumption thatE � k� E � (1 � k)� , we must be able to

repeat this argument as above, such that there must exist a� such that� �̂== ) C � and



a � such thatE �̂== ) C � andk� � (1 � k)� � � . We will refer to this fact by(?2).
Using this transition, we will show that this transition ofE can also be simulated by
k2E � (1 � k2)� . Then by repeating our argumentation so far fork2, we see that our
assumption must also hold for(k2)2. As we made no assumption on� or the transition,
and sinceE == ) � by the premise of the lemma, this implies indeedE � k2E � (1 �
k2)� . It is well-known that the countable in�nite sequencehki i i 2 N with ki = k2i

has
limit 0. But his implies immediately thathki E � (1 � ki )� i i 2 N �! � . By Lemma 13,
this implies thatE � � . A contradiction!

We will now show that indeedk2� E � (1 � k2)� can simulate the transitionE �== )

 . With straightforward transformations we obtaink2� E � (1 � k2)� = k2� E � (1 �
k)(k + 1) � = k2� E � k(1 � k)� � (1 � k)� = k(k� E � (1 � k)� ) � (1 � k)� . From
(?2), we know that this distribution can perform a weak transition tok(k� � (1� k)� ) �
(1 � k)� , which is equivalent tok(� ) � (1 � k)� with respect to� . Now we obtain the
distribution from(?1) by the transition�

�
== ) 
 0, which together yieldsk� � (1 � k)
 0.

As we have argued, this is equivalent to
 with respect to� . From here it is then clear
thatk2� E � (1 � k2)� �== ) k2� E � k(1 � k)� � (1 � k)
 0 � 
 . 2

Corollary 1. Let � 1 � � 2 � � E and� 6� � E , butE � � . Then80 � k < 1 : � 1 6�
k� 2 � (1 � k)� .

Proof. Assume the contrary. Then for some0 � k < 1 : � E � � 1 � k� 2 � (1� k)� �
k� E � (1 � k)� . A contradiction to Lemma 14 2

Lemma 15. If E � � and� E 6� � , then also for every subdistribution
 and0 < k �
1:

k� E � (1 � k)
 6� k� � (1 � k)
:

Proof. For a concise notation, let� = k� E and
 0 = (1 � k)
 and� 0 = � for somek.
To arrive at a contradiction, assume� � 
 0 � � 0 � 
 0. Then� 0 � 
 0 == ) C � � 
 0 must
hold. Say� 0 == ) C � 00and
 0 == ) C 
 00is the respective contribution of� 0and
 0 to this
distribution. Since by the premise of our lemma,� 0 == ) C � is impossible, it cannot be
the case that� 00= � . Hence both� 00and
 00need to contribute to� (possibly with� 00

contributing only� ; ). Expressed differently, there must exist a splitting� s
1 � � c

1 = � 00

and a splitting
 s
1 � 
 c

1 = 
 00such that� � � s
1 � 
 c

1 (possibly with� s
1 = � ; ). As

a consequence,
 0 � � c
1 � 
 s

1 must hold. Now we start anew with our considerations
replacing
 0by � c

1 � 
 s
1, which Lemma 9 allows. Thus� c

1 � 
 s
1 must be able to simulate

the transition of
 0 that we have considered before. Formally, there must exist
 s
1

0� 
 c
1

0

such that� c
1 � 
 s

1 == ) C 
 s
1

0� 
 c
1

0and� � � s
1� 
 c

1
0and
 0 � � c

1 � 
 s
1

0. This allows us now
to see how much� c

1 could have contributed to� , by contributing to
 c
1

0. Analogously to
what we have seen before, for some� s

2; � c
2; 
 s

2 ; 
 c
2 it must hold that� c

1 == ) C � c
2 � � s

2
and
 s

1
0 == ) C 
 c

2 � 
 s
2 , with 
 c

1
0 = � s

2 � 
 c
2 and
 s

1
0 = � c

2 � 
 s
2 . Using Lemma 9, we

get � � � s
1 � � s

2 � 
 c
2. It cannot be the case that actually
 c

2 = � ; , which means that

 s

1
0 has not contributed any further to� , since then� s

2 � 
 c
1

0, which implies� 0 == ) C

� s
1 � � c

1 == ) C � s
1 � � s

2 and� � � s
1 � � s

2. A contradiction to the premise of the lemma
(?).

Since
 s
1

0 = � c
2 � 
 s

2 we can repeat our arguments for
 s
1

0, as we have done for
 0

before, and see how much� c
2 can contribute to� as a part of some
 c

2
0 � 
 c

2. As above,



this results in some subdistributions� s
3 and
 c

3, which yield a re�ned representation of
� , namely� � � s

1 � � s
2 � � s

3 � 
 c
3, completely analogous to the above.

Repeating this argument, we obtain a sequence of distributions� s
i and distributions


 c
i , such that� � � s

1 � � � � � � s
i � 
 c

i . As we have argued before(?), it can never by
the case that
 c

i = � ; . Note thathj� s
1 � : : : � s

i ji i 2 N is monotonously increasing. Since
j� j is bounded, there must exist� 2 R such thathj
 c

i ji �! � .
We distinguish two cases. Assume� = 0 . Then the limit� 0 of hj� s

1 � : : : � s
i ji i 2 N

is equivalent to� . This fact follows since(�; � 0) is contained in the bisimulationR of
Lemma 13. This holds sincehj� s

1 � : : : � s
i � 
 c

i i �! � 0 and� � � s
1 � : : : � s

i � 
 c
i for

all i 2 N. Furthermore,� 0 == ) C � 0 by Lemma 2. In total, this is a contradiction to the
premise of the lemma.

Now assume� > 0. This means that from a certain point onj� c
j j � � . Recall that for

everyi 2 N: 
 s
i � � c

i +1 � 
 s
i +1 . Combining those facts, this means thatj
 s

i j � j 
 i +1 j �
� . Thus, after a �nite number of steps, for somek 2 N this implies
 s

k < � c
k+1 . But this

contradicts the invariant� c
k+1 < 
 s

k+1 . 2

Lemma 16. Let � � 
 , then exists� 0 and 
 0 such that� == ) � 0 and 
 == ) 
 0 and
� � � 0 and
 � 
 0 and

for all C 2 S= � � : � 0(C) = 
 0(C).

Proof. We �rst de�ne a set of possibly in�nite internal transition trees that will be used
to justify � == ) � 0 and� == ) � 0, respectively. The construction is identical for each
elements in Supp(� ) [ Supp(
 ).

Readers familiar with the notion of schedulers, can regard the following construc-
tion as a variant of deterministic schedulers.

Let T be an internal transition tree withStaT (" ) = s that is stepwise constructed
as follows. Consider a leaf� . Let StaT (� ) = E . If E � � and� � � E and9G 2
Supp(� ) : G 6�� E, then continueT with this transition. IfE allows several different
internal transitions, we choose for every node ofT , that is labelled byE, the same
internal transition. In all other cases, we do not continue the tree here.

If a state is continued, following the construction above, we call it a continuous
state. Otherwise, a stopping state.

For simplicity, we will now speak of stateE in the treeT , when formally we mean a
node� with StaT (� ) = E . Since we continue every such node� with the same internal
transition, this is well justi�ed.

We will now prove, that this internal transition tree indeedinduces a full distribution.
Let � be the subdistribution induced byT , and assume, for a contradiction, that� is not
a full distribution.

Let us consider an arbitrary countable sequenceT1; T2; : : : of �nite subtrees ofT ,
which haveT as limit. Let
 i be there respective induced distributions. Then� is a full
distribution if and only if the sequenceh
 i (f s 2 S j s is continuous)gi �! 0. Since
we assumed that� is not a full subdistribution,h
 i (f s 2 S j s is continuous)gi �! L
for someL 2 N must hold.

Then the set of states occurring inT can be partitioned into two �nite sets of states
(remember that we always assume that the state space is �nite), namely(i ) continuous
statesf D1; : : : ; Dk g = D with the property that for eachD 2 D : the sequence



h
 i (D )i does not have limit0 andh
 aDi �! l for some0 < l � 1, and(ii ) the states
F1; : : : ; Fm in T that are either not continuous orh
 i (F )i has limit0.

We now prove, that for everyD 2 D , and its continuation� and everyG 2 � it
must hold that alsoG 2 D .

Assume the contrary and letX be a state in� , but not inD. Assume �rst thatX is
continuous. SincejSupp(� )j is �nite, � (X ) = x for some �xed real number0 < x � 1.
Since for every occurrence ofD in the tree, there is a occurrence ofX in the tree, it
follows thath
 i (X )i cannot have limit0, ash
 i (D )i does not have limit0. But this
implies X 2 D . A contradiction. Hence if such anX exists forD , then it must be
stopping. But this implies that wheneverD occurs, it puts some probability mass into
X , whenever it occurs. Recall thath
 i (D )i does do not have limit0. Then there must
be some number� > 0 such that for in�nitely manyi 2 N, 
 i (D ) � � . Whenever this
happens, at least� (X ) � � probability cannot be continued in states fromD. But then
h
 i (D)i �! l > 0 cannot hold. A contradiction.

Thus, wheneverD � � , thenSupp(� ) � D . Let us now �x D 2 D and some node
� of T labelled withD . Node� in T induces a weak internal transition treeT� with
� as root node. SinceT is constructed deterministic, the structure of this tree does not
depend on the particular choice of� , as long asStaT (� ) = D , except for the absolute
value of the probabilities associated with each node.

On every maximal path starting at� , we must �nd in�nitely many occurrencesD,
which is the state label of� . Otherwise, as our construction ofT is deterministic, and
jSupp(� )j is �nite, this would imply 
 i (D ) �! 0. This must be true for every state
occurring in this weak transition tree (and moreover for every element ofD), since our
choice of� was arbitrary.

Now we can construct a transition tree inducing a transitionfrom everyD i 2 f Dg[
D to everyD j 2 f Dg[D as follows: continue every node exactly as given byT� , except
if StaT 0(� ) = D j . In this case, stop. We �nally need to adjust all node probabilities by
one constant factor such that the root node has probability1, in order to arrive at the
required transition tree. But this implies thatD i == ) C D j andD j == ) C D i , and thus,
D i � D j . ThusD � D i for everyD i 2 � . A contradiction to the assumption, thatD
is continuous. This ends the discussion that our construction yields a transition treeT
that induces a full distribution.

Let now� � 
 and let� == ) � � be the transition obtained by repeating the above
construction for eachE 2 � . And analogously for
 == ) 
 � . Clearly, � � � � and

 � 
 � .

We will now show that whenever� � �== ) C � 0, then either� 0 6� � � , or � � assigns
the same probability mass to each equivalence class of states with respect to� � , as� 0

does. And analogously for
 � . We skip the analogous proof.
For the proof, assume the contrary, i.e.,� 0 � � � , but the probability mass as-

signed to each equivalence class of states according to� � does change. Then within
the transitions justifying� � == ) C � 0 there must be a transitionE == ) � 00, together
with its weight c, for a stateE 2 Supp(� � ) with the following properties: within
the inducing transition treeT there is a node� , labelled with a stateE 0 � E , i.e.,
StaT (� ) = E 0, such thatE 0 � � b where� b is represented by the children of� in
T , and� b 6� � E 0 � � E . Without loss of generality, we assume that no such tran-



sition has occurred in the tree on a smaller tree node level. Let T 0 be the subtree
of T up to and including the level of� plus the children of� , which represent the
distribution� b. Then the distribution induced by this treeT 0 can be characterised as
� b = � 0 � ProbT (� )� b, where� 0 is a subdistribution only consisting of states that lie in
the same class asE. Then by Corollary 1,� 0 � ProbT (� )� b 6� � E . Now consider that
� � == ) C (� � � E ) � (1 � c)� E � c � � 0 � c � ProbT (� )� b. By using Lemma 9 for the
equality and Lemma 15 for the inequality, we get

� � � (� � � E ) � (1 � c)� E � c � � 0 � c � ProbT (� )� E 0

6� (� � � E ) � (1 � c)� E � c � � 0 � c � ProbT (� )� b:

However, since the distribution(� � � E ) � (1 � c)� E � c� � 0� ProbT (� )� b, is induced
by a transition, which is based on the transition treeT applied toE and scaled by the
factorc, we can then continue from this distribution with combined transitions to reach
� 0. But � 0 � � � , which immediately implies that also(� � � E ) � (1 � c)� E � c � � 0 �
c � ProbT (� )� b � � � . A contradiction.

It is now easy to see that in indeed8C 2 S=� � : � � (C) = 
 � (C) must hold. By
Lemma 11,
 � == ) C 
 0 for some
 0 that can be split in such a way that for eachE 2
Supp(� � ) there exists a component of the splitting, call it
 0

E , such that� � (E ) � � E �

 0

E . But in fact, whenever
 � == ) C 
 0, as detailed out above,
 � and
 0 coincide in the
amount of probability mass they assign to each equivalence class according to� � , or
they are different, which would be a contradiction to the lemma. So it must hold that
already
 � can be split according to the lemma. Name the components of the splitting

 �

E , analogously to
 0
E above.

If now 
 �
E contains states from an equivalence class different to[E ]� � , then with the

same argument as above, it must be possible to directly splitE suitably. Since splitting
E yields no new equivalence classes, all states inSupp(
 �

E ) are equivalent toE and
hence also equivalent to each other. A contradiction. 2

Proof (of Theorem 2).Clause 1 of the theorem is immediate by the De�nition 11.
Clause 2 follows with Lemma 16 for one direction. The other direction follows since
� == ) � 0 and
 == ) 
 0 together with� 0 � � and
 0 � 
 is enough to establish� � 
 .
2

After a few more lemmas we are ready to show that our weak bisimulation is a congru-
ence relation with respect to parallel composition. We �rstgive the necessary lemmas.

Note that each of the following statements also holds with the roles of� and 

exchanged.

Lemma 17. Let � jjA 
 .
1.) If a =2 A [ � then: whenever� a== ) C � 0, then� jjA 
 a== ) C � 0 jjA 
 .
2.) If a 2 A then: whenever� a== ) C � 0 and
 a== ) C 
 0, then� jjA 
 a== ) C � 0 jjA


 0.

3.) If �
� ( r 1 )

=== ) C � 0 and

� ( r 2 )

=== ) C 
 0 then exist� pre and
 pre such that� == ) C

� pre and 
 == ) C 
 pre and � pre # and 
 pre # and � jjA 

� ( r 1 + r 2 )

====== ) C
r 1

r 1 + r 2
� 0 jjA


 pre � r 2
r 1 + r 2

� pre jjA 
 0



Proof. We prove each of these claims only for statesE jjA F , instead of distributions
� jjA 
 . It is straightforward to use these results on the elements of Supp(� jjA 
 ),
to prove the claim. Furthermore, we only consider weak transitions, and not combined
weak transitions. As the latter are obtained from weak transitions by a weighted combi-
nation with some wightsci from the former, the result can be easily lifted to combined
transitions by constructing a convex combination of the obtained distributions, using
the weightsci .

For Claim 1.) consider for someE and� a transitionE �== ) � . Let this transition
be induced by the transition treeT . De�ne S to be the transition tree that coincides
with T except that for each node� : StaS (� ) = StaT (� ) jjA F . Using the de�nition
of parallel composition (De�nition 2), it is straightforward to verify thatS is indeed a
transition tree, using that every transition in the tree is either labelled bya =2 A [ �
or � , which implies that the transitions of the left-hand-side operand of thejjA-operator
are completely independent of the right hand side operand. Then by construction,S
induces the transitionE jjA F �== ) � jjA F .

For Claim 2.) consider for someE andF and� and� the transitionsE a== ) � and
F a== ) � . Let this transition be induced by the transition treeT andS respectively. Let
T 0 andS0 be the respective maximal subtrees, which are internal transition trees. Note
that the for every leaf� of T 0, in T the node� represents ana-transition; an analogous
observation holds for every leaf ofS0 andS.

Using the same construction as in Claim 1, it is easy to construct a transition tree
R 1 such that the nodes ofR 1 are identical to those ofT 0, except that for each node
� : StaR 1 (� ) = StaT 0(� ) jjA F .

Since for each leaf� , StaR 1 (� ) is then of the formG jjA F , we can use the con-
struction from Claim 1 again. But this time we �xG, and letF perform its transi-
tions. This gives for each leaf� of R 1 a treeR � , where each node� 0 of R � satis�es
StaR � (� 0) = StaR 1 (� ) jjA StaS0(� 0), for some leaf node� 0 of S.

We can now construct a new transition treeR 2 from R 1 by continuing each leaf
node� with the treeR � . Then by our construction, the set of leaves ofR 2 is exactly the
set of all leaves� satisfyingStaR 2 (� ) = StaT 0(� T 0) jjA StaS0(� S0) andProbR 2 (� ) =
ProbT 0(� T 0)ProbS0(� S0) for some� T 0 2 Leaf(T 0) and some� S0 2 Leaf(S0). Thus,
we have so far proven that the parallel combination ofE andF can perform a transition
that is an interleaving of the respective transitions ofE andF up to and excluding the
point where the transitions labelled bya are performed.

We now continue with thea-transitions. By construction, each leaf is now labelled
by the parallel composition of two states, sayG andH , that perform ana-transition
in the treeT andS, respectively. SayG a � G andH a � H for some� G and� H .
Therefore, following De�nition 2, we getG jjA H a � G jjA � H . So far we have
proven that the parallel combination ofE and F can perform a transition that is an
interleaving of the respective transitions ofE andF up to andincludingthe point where
the transitions labelled bya are performed. After this point, still a series of internal
transitions follows. At this point the proof continues witha reasoning exactly as in the
�rst part of the proof of Claim 2 for every leaf of the tree we have constructed so far.
This �nishes our proof of Claim 2.



For Claim 3, letE ,F ,T ,S, T 0, S0 andR 2 be exactly as in the proof of Claim 2.
ObviouslyT 0 andS0 induce distribution distributions� T 0 and� S0. These distribution
will be the distributions from which the distributions� pre and
 pre from the claim are
constructed. In fact, they obviously satisfyE == ) � T 0 andF == ) � S0, respectively.
And by the choice ofT 0 andS0 also� T 0# and� S0#.

Let alsoR 2 be constructed as in Claim 2. Since� T 0# and� S0#, trivially for every
leaf � of R 2 with Star 2 (� ) = G jjA H we getG# andH #. As in Claim 2, by con-
struction, both constituents, sayG andH of the parallel state in the leaves performs an

� -transition in the treesT andS respectively, sayG
� ( r 1 )

���! � G andH
� ( r 2 )

���! � H .

By the way
�

��! was de�ned and De�nition 2, we getG jjA H
�r 1 + r 2�����!

r 1
r 1 + r 2

� G jjA � s0 � r 2
r 1 + r 2

� t 0 jjA � H . We then continue analogously to Claim 2. 2

Lemma 18.
– (� 1 � � 2) jjA 
 = ( � 1 jjA 
 ) � (� 2 jjA 
 ).
– 
 jjA (� 1 � � 2) = ( 
 jjA � 1) � (
 jjA � 2).

Lemma 19. Let E 2 S and � 2 Subdist. Let E
� ( r )

���! and k� E � � for some
0 < k � 1. Then whenever� == ) C � 0 then for allG 2 Supp(� 0): E � � G.

Proof. E
� ( r )

���! 
 impliesE#, and hencek� E � � immediately impliesk� E � � 0.
By Lemma 11, it must hold thatk� E can reach a distribution that can be split into
subdistributions matching each singleGi 2 Supp(� 0). Formally, k� E == ) C 
 1 �
� � � � 
 k for some
 1; : : : ; 
 k with 
 i � � 0(Gi ) � Gi , for all Gi 2 Supp(� 0). SinceE#,
for eachi , 
 i � ci � E for some suitableci . But by transitivity of� , this immediately
implies thatG � � E. 2

We are now in the position to show that weak bisimulation is a congruence with
respect to parallel composition:

Theorem 3. Let H1 jjA H2 be a Markov automaton(S1 jjA S2; Act ; ; ; so),
which results from the parallel composition of twoMAsH1 andH2 with state spaceS1

andS2, respectively. WheneverE1 � � E2 in H1 for E1; E2 2 S1 thenE1 jjA F � �

E2 jjA F in H1 jjA H2 for anyF 2 S2.

This can be lifted from states toMAs in the usual manner. The congruence property
can be established for other standard process algebraic operators – with the usual root
condition being needed to arrive at a congruence for non-deterministic choice.

Proof. By Lemma 8, it suf�ces to show that

R= f (� 1 jjA 
; � 2 jjA 
 ) j � 1 � � 2 ^ 
 2 Subdistg

is a bisimulation-up-to-splitting containing the pair(� E 1 jj A 
 ; � E 2 jj A 
 ). The contain-
ment follows with setting� 1 = � E 1 , � 2 = � E 2 and
 = � H . Now we prove thatR
is indeed a weak bisimulation.



It is helpful to rewrite the de�ning equations ofR to

R= f (� 0
1; � 0

2) j 9� 1; � 2 : � 1 � � 2 ^ 
 2 Subdist̂

� 0
1 = J(E jjA G; � 1(E )
 (G)) j

E 2 Supp(� 1) ^ G 2 Supp(
 )K^

� 0
2 = J(F jjA G; � 2(F )
 (G)) j

F 2 Supp(� 2) ^ G 2 Supp(
 )Kg

Let � 0
1 R � 0

2. Since� 1 � � 2, j� 1j = j� 2j. Then obviously alsoj� 0
1 j = j� 0

2 j. We
skip symmetric cases. As �rst step, we consider an arbitraryE jjA G 2 Supp(� 0

1), with
E 2 Supp(� 1) andG 2 Supp(
 ). Since� 1 � � 2, � 2 == ) C � 0

2 = � 2
g � � 2

s and
� 1(E )� E R � 2

g and(� 1� E ) R � 2
s. Let 
 g = J(G; 
 (G))Kand
 s = 
 � G. By

Lemma 17 and 18,

� 2 jjA 
 == ) C � 0
2 jjA 
 = ( � 2

g � � 2
s) jjA (
 g � 
 s)

=( � 2
g jjA 
 g) � (� 2

g jjA 
 s)

� (� 2
s jjA 
 g) � (� 2

s jjA 
 s):

Hence,(� 2
g jjA 
 g; � 2

g jjA 
 s � � 2
s jjA 
 g � � 2

s jjA 
 s) is a splitting of� 0
2 jjA 
 .

SinceJ(E jjA G; (� 1 jjA 
 )(E jjA G))K= � 1(E )� E jjA 
 (G)� G by the de�nition
of parallel composition of distributions,(� 1(E )� E jjA 
 (G)� G ) R (� 2

g jjA 
 g)
follows.

For the second half of the proof of Condition Ai of weak bisimulation, note that

(� 1 jjA 
 ) =

(( � 1� E ) jjA 
 g) � (( � 1� E ) jjA 
 s)

� (( � 1(E )� E jjA 
 s)) � (J(E jjA G; � 1(E )
 (G))K
| {z }

= � 1 (E ) � E jj A 
 g

):

and hence

(� 1 jjA 
 ) � (JE jjA G; � 1(E )
 (G)K) =

(( � 1� E ) jjA 
 g) � (( � 1� E ) jjA 
 s)

� (� 1(E )� E jjA 
 s) :

Furthermore,(� 1� E ) jjA 
 g R � 2
s jjA 
 g and(� 1� E ) jjA 
 s R � 2

s jjA 
 s and
� 1(E )� E jjA 
 s R � 2

g jjA 
 s. This �nishes the �rst step in our proof thatR is a
bisimulation-up-to-splitting.

As second step let us assume thatE jjA G � ~� 1 for some ~� 1. We distinguish three
cases:
1. � = � (r ): This means thatE

� ( r E )
����! � E andG

� ( r G )
����! � G and ~� 1 = r E

r (� E jjA

G) � r G
r (E jjA � G ), whererE + rG = r . Also � 2

g � ( r E )
==== ) C � 00, and obviously


 g = J(G; 
 (G))K
� ( r G )

==== ) C 
 (G)� G .



According to Lemma 17, there exists� pre
2

g such that� 2
g == ) C � pre

2
g and hence

� 2
g jjA 
 g � ( r E + r G )

======= ) C
rE

r
(� 00 jjA 
 g) �

rG

r
(� pre

2
g jjA 
 (G)
 G )

Since� 2
g � � (E )� E , by Lemma 19 also� pre

2
g � � 1(E )� E .

Furthermore, on one hand,

� 1(E jjA G)
rE

r
(� E jjA G) =

� 1(E )
 (G)
rE

r
(� E jjA G) =

rE

r
(� 1(E )� E jjA 
 (G)� G ):

One now checks that this is related tor E
r (� 00jjA 
 g) by R. On the other hand,

� 1(E jjA G)
rG

r
(E jjA � G ) =

� 1(E )
 (G)
rG

r
(E jjA � G ) =

rG

r
(� 1(E )E jjA 
 (G)� G );

which is related tor G
r (� pre

2
g jjA 
 (G)
 G ) by R. This �nishes the �rst case.

2. � = a 2 Act anda 2 A: In this caseE a � E andG a � G and ~� 1 = � E jjA � G .
Then also� 2

g a== ) C � 0
2

g and � 1(E )� E � � 0
2

g. And 
 g a 
 (G)� G . Then by
Lemma 17,� 2

g jjA 
 g �== ) C � 0
2

g jjA 
 (G)� G . Now, (( � 1 jjA 
 )(E jjA G)) ~� 1 =
� 1(E )
 (G)( � E jjA � G ) = � 1(E )� E jjA 
 (G)� G is related to� 0

2
g jjA 
 (G)� G by

R.
3. � = a 2 Act anda =2 A: In this caseE a � E and ~� 1 = � E jjA G. Then also

� 2
g a== ) C � 0

2
g and� 1(E )� E � � 0

2
g. By Lemma 17,� 2

g jjA 
 g �== ) C � 0
2

g jjA 
 g

and(( � 1 jjA 
 )(E jjA G)) ~� 1 = � 1(E )
 (G)( � E jjA G) = � 1(E )� E jjA 
 (G)� G ,
which is related to� 0

2
g jjA 
 (G)� G = � 0

2
g jjA 
 g by R.

2

4.4 Embeddings

We are now considering in what sense weak bisimulation is a proper extension of what
we wanted to inherit from. Recall that by restricting to Dirac distributions inMAs, we
obtainIMCs [7]. We now show that our notion of weak bisimulation coincides with the
one forIMCs. First, we recall weak bisimulation forIMCs:

De�nition 13. Let MA = ( S;Act ; ; ; so) be anIMC. For two statess; s0 2 S,
s � IMC s0 holds if (s; s0) 2 E for some equivalence relationE on S for whichE E F
implies for alla 2 Act and for all equivalence classesC of E,

1. E a � E 0 impliesF â== ) � F 0 for someE 0 with E 0 E F 0,

2. E
� (x )

���! � implies9F 09� 0 : F == ) � F 0 and E E F 0 and F 0 � (x )
���! � 0 and

8C 2 S=E : � (C) = � 0(C).



On theIMC fragment,� coincides with this original notion of weak bisimulation.

Theorem 4. Let MA be anIMC. Then,� � = � IMC.

Before we can prove this theorem, we need a few additional lemmas, which we present
in the following. We callE trivial-probabilistic, if every interactive transition of E must
result in some Dirac distribution. Every state of anIMC is trivial-probabilistic.

If � is a distribution over trivial-probabilistic states, thenwe also call� trivial-
probabilistic.

Lemma 20. Let MA = ( S;Act ; ; ; so) be anIMC and letE 2 S and F 2 S
andE 6�� F . Then there exists� 2 Act � satisfying one of the two cases:

1. there existsE 0 such thatE � � E 0 and there is no
 such thatF �̂== ) C 
 and
E � 


2. the same with the roles ofE andF interchanged.

Proof. Let us assume the contrary. Then we can show thatR= � [ (� E ; � F ) is a
bisimulation, which is a contradiction to our assumption.

In order to check thatR is a bisimulation, we only need to consider the
pair (� E ; � F ). Obviously j� E j = j� F j. We skip symmetric cases. Obviously,
Supp(� E ) = f Eg. Hence to satisfy Condition Ai of weak bisimulation, it suf�ces
to note that� F = � F � � ; andJ(E; � E (E ))K = � E R � F and� E � E = � ; .
Condition Aii follows immediately from the assumption we made to derive the contra-
diction. This �nishes the proof since this implies thatR is a bisimulation. 2

Lemma 21. Let � and
 be trivial-probabilistic and letSupp(� ) � C for someC 2
S= � � . Then

� � 
 iff 
 � C andj
 j = j� j:

Proof. We will only give the proof in the case where� = � E , since it is more instruc-
tive. It can be adapted to arbitrary� � C.

The direction from right to left is clear.
We now derive a useful property, which we call?. � E � 
 implies for all F 2

Supp(
 ): wheneverF �== ) C � F 0 thenE �== ) C � 0 and� 0 � � F 0.
To see this, assume that� � 
 , but there existsF 2 Supp(
 ) andF =2 C. Use

Lemma 20. Assume �rst thatF � � F 0 for someF 0 such that there is no� 0 with
E �== ) C � 0 and� 0 � � F 0. However, since� � 
 it must hold thatE == ) C � g � � s

and� g � F and� s � 
 � F and furthermore� g �== ) C � 00and� 00� � F 0. But sinceE
is trivial-probabilistic, this immediately implies that alsoE == ) C � 00. A contradiction.

We now de�ne a bisimulationR containing all pairs(� E ; � F ) such thatE andF
are trivial-probabilistic and for each such pair there exists a distribution
 with F 2
Supp(
 ) and� E � 
 . This will immediately prove the lemma.

Obviously, for each pair(� E ; � F ) : j� E j � j � F j. The case thatF � 
 0 is cov-

ered by property?. Now let E � � E 0 for someE 0. Since� E � 
 , 
 �̂== ) C 
 0 and

� E 0 � 
 0. This implies that there is
 00 such thatF �̂== ) C 
 00 with Supp(
 00) �

Supp(
 0). Pick an arbitraryF 0 2 
 00. SinceF is trivial-probabilistic, also� F
�̂== ) C

� F 0. SinceF 0 2 Supp(
 00), alsoF 0 2 Supp(
 0). Together with� E 0 � 
 0, this suf�ces
to see that again(E 0; F 0) 2 R . 2



Let for an arbitrary setC � S and an arbitrary subdistribution� the subdistribution
� C = J(E; � (E )) j E 2 C \ Supp(� )K. Obviously,� =

L
C 2 S=� �

� C .

Lemma 22. Let � 1 and� 2 be trivial-probabilistic subdistributions. If

9� 0
2 : � 2 == ) C � 0

2 ^ 8 C 2 S= � � : � C
1 � � 0C

2

and accordingly

9� 0
1 : � 1 == ) C � 0

1 ^ 8 C 2 S= � � : � C
2 � � 0C

1 :

Then8C 2 S= � � : � 1(C) = � 2(C).

Proof. Let i 2 f 0; 1g. Let1 = 2 and2 = 1. WhenP is a set of equivalence classes with
respect to� � , that have non-negative probability in� i – formallyP � f D 2 S= � � j
� i (D ) > 0g –, we letP  i S mean thatS is the set of equivalence classes, of which
� i has a relative de�cit of probability mass, compared to� i , and which are reachable
from some state in some class contained inP. Formally:

S = f D 2 S= � � j j � i (D ) > � i (D )g \
[

E 2
S

P

f D 2 S= � � j E == ) � E 0 ^ E 0 2 Dg:

If a classC contains some states that can reach a states0 contained in a classC0, then
we say that the classC can reach the classC0.

Assume that, contrary to the lemma,� i (D ) � � i (D ) = k1 > 0 for someD 2
S= � � and somei 2 f 0; 1g. In words,� i has a relative surplus of probability mass
for the classD . Sincej� 0C

i j = j� C
i

j, by the premise of the lemma, there must be a
non-empty setS2 � S=� � , such thatf Dg  i S2. The relative surplus of probability
mass ofD in � i compared to� i immediately implies that� i (S2) � � i (S2) = k2 � k1,
sincek2 is the maximum probability mass that classes fromS2 can “absorb” without
violating j� 0C

i j = j� C
i

j for all C 2 S= � � .
But now in turnS2  i S3 for some non-empty setS3 must hold. Again,� i (S3) �

� i (S3) � k1. Repeating this argument once more, we obtain a setS4 such thatS3  i

S4. But since every class inS3 is reachable by internal transitions fromD, and also
every class inS4 is in turn reachable from some class inS3, by transitivity every class
in S4 is reachable fromD. And henceS4 must be a subset ofS2, by the de�nition of
 i .

Furthermore, every class inS2 can make at least one internal transition to some
class inS3, as otherwise, if some classC of S2 could not do so, the relative surplus
of C could never be compensated. A contradiction to the premise of the lemma. In
addition, sinceS4 = S2, also every class inS3 can make at least one transition to
some class inS2. Since our state space is assumed to be �nite, a simple combinatorial
argument implies that there is a classC 2 S2 and a classC0 2 S3 such thatC can reach
classC0 and vice versa. But thenC � C0. A contradiction, since this would mean that
both� i (C) > � i (C) and� i (C) < � i (C).

2



Corollary 2. Let � 1 and � 2 be subdistributions that are trivial-probabilistic. Then
� 1 � � 2 implies that� 1(C) = � 2(C) for all C 2 S= � � .

Proof.
Then by Lemma 11, together with Lemma 21,� 2 == ) C � 0

2 and� 0
2 =

L
C 2 S=� �

� 0C
2

where for allC 2 S= � � : � C
1 � � 0C

2 . In turn, accordingly� 2 =
L

C 2 S=� �
� C

2 and
� 1 == ) C � 0

1 and� 0
1 =

L
C 2 S=� �

� 0C
1 where for allC 2 S= � � : � C

2 � � 0C
1 . This

allows us to apply Lemma 22. 2

Proof (of Theorem 4).
Let E � IMC F . It suf�ces to prove that� �

IMC is a weak bisimulation-up-to-splitting,
where� �

IMC= f (k� E ; k� F ) j 0 < k � 1; E � IMC F g, if we want to show� IMC�� � .
We will not check the case B of De�nition 11 and only consider the completely sym-
metric case A.

Consider an arbitrary pair(k� E ; k� F ) 2� �
IMC. Trivially, jk� E j = jk� F j. Since

f Eg = Supp(� E ), Condition Ai is obvious, considering the fact thatk� F == ) C

k� F � � ; . Now assumeE a � E 0. Thenk� F
â== ) C k� F 0 and k� E (E 0)� E 0 =

k� E 0 � IMC k� F 0 follows immediately fromE � IMC F , Condition 1 ofIMC weak
bisimulation and the fact that wheneverF == ) C � , then alsok� F == ) C k� .

Now considerE
� ( r )

���! � . Then with Condition 2 ofIMC weak bisimulation,

we get thatF
� ( r )

=== ) C � 0 and 8C 2 S=� IMC : � (C) = � 0(C). Now we would
like to �nd for each E 2 Supp(� ) a stateF 2 � 0 such thatE � � F and
� (E ) = � (F ), in order to conclude� (E )� E � �

IMC � 0(F )� F . Although we know
that � ([E ]) = � 0([E ]), it might for example be that in� 0 there are two statesF1

andF2 such thatF1 � F2 � E and� (E ) = � 0(F1) + � 0(F2). But in this case we
can split the subdistribution� (E )� E into two subdistributions � 0(F1 )

� 0(F1 )+ � 0(F2 ) � (E )� E

and � 0(F2 )
� 0(F1 )+ � 0(F2 ) � (E )� E , for which we get � 0(F1 )

� 0(F1 )+ � 0(F2 ) � (E )� E � �
IMC � 0(F1)� F1

and � 0(F2 )
� 0(F1 )+ � 0(F2 ) � (E )� E � �

IMC � 0(F2)� F2 . Since the number of different states in
Supp(� ) and Supp(� 0) is �nite, it is straightforward to generalise this example for
wholeSupp(� ) andSupp(� 0). This �nishes the proof that� �

IMC is a weak bisimulation-
up-to-splitting.

We now prove that� � is also aIMC weak bisimulation, which shows� � �� IMC. Con-
sider arbitrary statesE andF such thatE � � F .

Let E a � E 0. Then byE � � F we see �rst of all thatF == ) C 
 g � 
 s for some

 g and
 s. Sincef Eg = Supp(� E ),
 s = � ; . SinceF is trivial-probabilistic,8G 2

Supp(
 g) : F == ) � G must hold. Second, we see fromE � � F , that
 g â== ) C 
 0and
� E 0 � 
 0.

This means that for an arbitrary �xed stateG 2 Supp(
 g), G â== ) C 
 00for some

 00and� E 0 � 
 00holds. Now for an arbitrary �xedG0 2 Supp(
 00) : G0 � � E 0 and,

sinceG is trivial-probabilistic,G â== ) G0 must hold.

All together, this yields thatF == ) � G
â== ) � G0 andE 0 � � G0, which �nishes

this case.



Now let E
� ( r )

���! � . Then byE � � F we see �rst of all thatF == ) C 
 g � 
 s for
some
 g and
 s . Sincef Eg = Supp(� E ), 
 s = � ; . SinceF is trivial-probabilistic,
8G 2 Supp(
 g) : F == ) � G must hold. Second, we see fromE � � F , that


 g � ( r )
=== ) C 
 0 and� � 
 0.
Since� E � 
 g, by Lemma 21,8H 2 
 g : E � � H . Fix one suchH . Since


 g � ( r )
=== ) C 
 0 andH 2 Supp(
 g), alsoH == ) H 0 andH 0 � ( r )

���! � , for some state
H 0 and distribution� . SinceE � � H , andE# by Lemma 19, alsoE � � H 0 holds.
Furthermore, it must hold that� == ) C � 00for some� 00such that� 00 � � and hence
by Lemma 11:� 00 == ) C � 0 for some� 0 with 8C 2 S=� � : � 0(C) = � (C). We
then can also get an according result with the roles of� and
 switched. Since� and
� are trivial-probabilistic, by Lemma 22, this implies8C 2 IMC=� � : � (C) = � (C).

In summary, we get thatF == ) H == ) H 0 and E � � H 0 and H 0 � ( r )
���! � and

8C 2 IMC=� � : � (C) = � (C). 2

By instead dropping Markov timed transitions fromMA , we in turn obtainPAs. We
recall the de�nition of weak bisimulation onPAs:

De�nition 14. Let MA = ( S;Act ; ; ; so) be a PA. For two statess; s0 2 S,
s � PA s0 holds if (s; s0) 2 E for some equivalence relationE on S for whichE E F
implies for alla 2 Act and for all equivalence classesC of E,

E a � impliesF â== ) 
 for some
 and8C 2 S=E : � (C) = 
 (C).

By the way we designed� , we expect it to be coarser than� PA. Since� needs to re�ect
the maximal progress assumption, this only holds on the divergence free subclass ofPA.
The maximal progress assumption is, however, irrelevant for PA. It is thus reasonable
to remove the conditionE# from the de�nition of � . Let us call this variation� 0.

Theorem 5. Let MA be aPA. Then,� 0
� � � PA.

Probabilistic forward simulation� fwd is the coarsest congruence induced by prob-
abilistic trace distribution, which is arguably the coarsest reasonable preorder on
PA [4,19]. We will show that the kernel of� fwd coincides with� 0 in the class of
deterministicPAs.

To de�ne probabilistic forward simulation, we let for a relation R� S � S0, the
relationR 0 � Dist (S)� Dist (S0) be the largest relation such that there exists a function
w : S � S0 ! [0; 1] such that� R 0 � 0 implies:

– w(s; s0) > 0 impliess R s0,
– for eachs 2 S,

P
s02 S0 w(s; s0) = � (s), and

– for eachs0 2 S0,
P

s2 S w(s; s0) = � 0(s0).

For a distribution� 2 Dist (Dist (S)) , let 
atten (� ) =
L


 2 Supp ( � ) � (
 ) � 
 .
We note that� can be considered a splitting(� (
 1)�
 1; : : : ; � (
 k )�
 k ) of 
atten (� ),

wheref 
 1; : : : ; 
 k g = Supp(� ) for somek 2 N.

De�nition 15. Let MA = ( S;Act ; ; ; so) be a PA. For two statess; s0 2 S,
s � fwd s0 holds if(s; � s0) 2 R for some relationR � S � Dist (S) for whichE R � 2

implies for alla 2 Act that wheneverE a � 0
1, then9� 0

2 2 Dist (Dist (S)) : � 2
â== ) C


atten (� 0
2) and� 0

1 R 0 � 0
2.



Theorem 6. Let MA be aPA. Then� 0
� � � fwd . If MA is deterministic, then� 0

� =
(� fwd \ � fwd ).

Proof. We prove a slightly stronger fact. Weak simulation can be de�ned by drop-
ping the symmetric condition of weak bisimulation. We call the largest weak simu-
lation - . As it is easy to see that on deterministic automata, weak bisimulation and the
weak simulation kernel are identical. It then suf�ces to show that weak simulation and
weak probabilistic forward simulation also coincide (on arbitrary automata). We also
de�ne weak simulation-up-to-splitting as the obvious adaption of De�nition 12, drop-
ping the symmetric condition as before. We skip a formal de�nition. Lemma 8 holds
correspondingly, as we did not use the symmetric condition in the proof. The same is
true for Lemma 11, which is adapted to simulation as follows:whenever� - 
 , and
(� 1; : : : ; � k ) is a splitting of� for somek 2 N, then
 == ) C 
 0 for some
 0 and there
is a splitting(
 1; : : : ; 
 k ) of 
 such that� i - 
 i for all i = 1 ; : : : ; k.

We �rst show that the relationR= f (k � � s; k � � ) j 0 < k � 1 ^ s � fwd � g is a
weak simulation-up-to-splitting. Since� is a full distributionj� s j = 1 = j� j. Fur-

thermore, ifs a � 0, then, sinces � fwd � , there is� 00with � â== ) C 
atten (� 00) and
� 0 � fwd � 00. Let w be the weight function that justi�es� 0 � fwd � 00. With the help
of w and the splitting of
atten (� 00), that is induced by� 00as described above, we
can �nd splittings of� 0 and
atten (� 00) that satisfy the conditions of weak simulation-
up-to-splitting: For each pair(t; 
 ) 2 Supp(� 0) � Supp(� 00) with w(t; 
 ) > 0 we
de�ne the subdistributionsw(t; 
 ) � � t and w(t; 
 ) � 
 . By the de�nition of weight
function t � fwd 
 , and hencew(t; 
 ) � � t R w(t; 
 ) � 
 . Also by the de�nition of
weight functions, we immediately see that

L
t 2 Supp ( � 0)^ 
 2 Supp ( � 00) w(t; 
 ) � � t = � 0

and
L

t 2 Supp ( � 0)^ 
 2 Supp ( � 00) w(t; 
 ) � 
 = 
atten (� 00). This is enough to satisfy the
condition of weak simulation-up-to-splitting.

With our adaption of Lemma 11 mentioned before, it is straightforward that if
� - 
 then there are distributions
 s, indexed by the statess 2 Supp(� ), such that

 == ) C

L
s2 Supp ( � ) � (s)
 s =: �
 � and for eachs 2 Supp(� ): � s - 
 s . Note that


atten (J(
 s ; � (s)) j s 2 Supp(� )K= �
 � and that the functionw with w(s; 
 s) = � (s)
whens 2 Supp(� ) andw(t; � ) = 0 otherwise, is a weight function.

It is now easy to show that the relationR= f (s; 
 ) j � s - 
 g is a probabilistic
forward simulation. To see this assumes a � 0. Then since� s - 
 , there exists
 0

such that
 a== ) C 
 0 with � 0 - 
 0. Following the above considerations:
 0 == ) C �
 0
� 0

and everything follows. 2

Since the simulation kernel neglects the non-deterministic branching structure of au-
tomata, we cannot expect the above equality to extend to the general case.

5 Relation to GSPNs

We now brie�y discuss in which sense we harvest the analysis techniques as developed
for generalised stochastic Petri nets (GSPNs), Petri nets which support – apart from
priorities – weighted immediate and exponentially timed transitions [27,28]. The former



have priority over the latter. The reachability graph underlying an arbitrary confusion-
free GSPN is spanned by its reachable markings, and can be considered isomorphic to
someMA G = ( S; f � g; PT ; MT ; so) satisfying:

– it is alternating in the sense thatPT andMT do not overlap on the �rst component
of their triples. The set of markingsS thus contains disjoint subsetsSv = f s 2 S j
9� : (s; �; � ) 2 PT g andSt = f s 2 S j 9(�; s 0) : (s; �; s 0) 2 MT g, usually
referred to as vanishing and tangible markings.

– it is deterministic, i.e., each vanishing state has exactly one probabilistic transition
(necessarily labelled with� ).

SinceG is deterministic, for every states 2 St �[ Sv , there exists a unique (sub-) distri-
bution �� s 2 Dist (St ) such thats == ) �� s. Whens 2 St then �� s = � s , since trivially
it holdss == ) � s . GSPN analysis is restricted to cases where all such�� s are full dis-
tributions. As argued (among others) in [27,28] using matrix calculus, the stochastic
process induced by the tangible markings ofG is a continuous time Markov chain, and
agrees with the one trivially induced byH = ( St [ f s0

og; f � g; PT 0; MT 0; s0
o). Here,

if so 2 St thens0
o = so andPT 0 = ; , otherwise, lets0

o =2 St be a fresh state, and
PT 0 = f (s0

o; �; �� so )g and

MT 0 :=
[

st 2 St ^ st
� 0

s0

f (st ; � 0 � �� s0(s); s) j s 2 Supp(�� s0)g :

Indeed, the weak bisimulation de�nition covers this transformation as a special case,
regardless of whether or not distributions are full.

Theorem 7. Let G andH be as above. ThenG � H .

Proof. We de�ne a weak bisimulation-up-to-splittingR over the direct sum ofG and
H , containing the pair(� so ; � s0

o
), in order to proveG � H . Since for the direct sum

the states ofG andH need to be disjoint, we will denote the set of states ofH by
S0

t [ f s0
og, instead ofSt [ f s0

og. We usest for states inSt and statess0
t for states inS0

t .
For any distribution� over states inSt , we let� 0 denote the distribution overS0

t , such
that� 0(t0) = � (t) for every statet 2 St .

Recall the special meaning of�� s for a states 2 St [ Sv . We de�ne R 1 �
Subdist(Sv [ St ) � Subdist(S0

t ) asf (c � 
; c � �� 0
s) j 0 < c � 1 ^ 9 s 2 Sv : s == ) 
 g.

Note that for everysv 2 Sv : �� sv R 1 �� 0
sv

holds. Now let

R := R 1 [
�

(c � � st ; c � � s0
t
) j 0 < c � 1 ^ st 2 St

	

Assume for simplicity, thats0
o = so; the other case only needs a slight adaption. Ob-

viously, � so R � s0
o
. We �rst check the bisimulation conditions for pairs(� st ; � s0

t
).

The only transition thatst can perform is of the formst
� ( � )

���! J(s1; r1); : : : ; (sk ; r k )K
for somek 2 N and(si ; r i ) 2 (St [ Sv ) � R� 0 for all i = 1 ; : : : ; k. Similarly, the

only transition thats0
t can do iss0

t
� ( � 0)

���! �� . From the de�nition ofMT 0 it follows that
� = � 0 and that�� can be split into�� 0

s1
� � � � � �� 0

sk
. If si 2 Sv then we �nd� si R 1 �� 0

si
,

since triviallysi == ) � si . If si 2 St , then�� 0
si

= � s0
i
, and hence� si R � s0

i
. This is

enough to satisfy the conditions of bisimulation-up-to-splitting.



SinceG is deterministic, for pairs(
; � 0) 2 R1, we can verify that (i)
 == ) � 0,
and thus
 can match every behaviour of� 0, and (ii) � 0 =

L
E 2 Supp ( 
 ) �� 0

E and thus for
everyE 2 Supp(
 ), either� E R 1 �� 0

E whenE 2 Sv , or E 2 St and then�� E = � E ,
which implies� E R �� 0

E . Furthermore, wheneverE � 
 0, then immediately
 0 R 1

�� 0
E , and ifE

� (x )

 0, then alsoE 2 Supp(� 0). Checking the conditions of bisimulation-

up-to-splitting is now routine. 2

6 Discussion and Conclusion

This paper has integrated concepts fromPAs andIMCs to build the cornerstones of a
compositional theory for systems that can execute probabilistic transitions in zero time,
can delay according to exponential distributions, synchronise on actions, and otherwise
run concurrently. The theory extends the one forIMC in a conservative manner, while it
coarsens the standard theory ofPA in order to fuse sequences of immediate probabilistic
transitions. Technically, this twist is obtained by the concept of distribution splitting,
which is probably the main innovation in this work. It allowsfor a surprisingly simple
formulation of how transitions are fused.

For IMC, the standard analysis trajectory is based on a weak bisimulation quotient-
ing algorithm [10]. Provided this quotient is isomorphic toa continuous time Markov
chain, that chain is the object of further (numerical) analysis. This approach is restricted
to models which are deterministicup to weak bisimulation. With the results in this pa-
per the situation is similarMA , and for GSPNs: If the reachability graph of a GSPN is
deterministicup to weak bisimulation, then we can associate a continuous time Markov
chain to it. The family of nets with this property comprises confusion-free nets (and
well-speci�ed [29] and well de�ned [30]), and as such extends the analysable fragment
of nets. Even more, the semantics of confused (and non-confused) GSPNs in the pres-
ence of cycles of immediate transitions has never been de�ned, since cycles can give
rise to subdistributions. In theMA setting, they do not harm. A complete semantics for
GSPNs is an obvious next task to tackle. Another important task is to devise an ef�cient
weak bisimulation quotienting algorithm, because it is keyin a Markov chain-based
analysis approach.

To arrive at the theory presented here is remarkably dif�cult. Even seemingly simple
results such as transitivity need great care and innovativeproof concepts. The theory is
compositional with respect to parallel composition, and this extends to other standard
composition operators.

We have shown that� and the kernel of probabilistic forward simulation [4,19] co-
incide on deterministicPA. To the best of our knowledge, no bisimulation relation with
this property has been explicitly characterised in the literature before. As probabilistic
forward simulation is the coarsest congruence induced by probabilistic trace distribu-
tion, this suggests that� is the coarsest reasonable bisimulation relation on the class of
PA. However, further investigation will be needed to make thisprecise.

Finally, we remark that the quest for a good notion of equality is tightly linked to
the practically relevant issue of constructing a small (quotient) model that contains all
relevant information needed to analyse the system, or to compose it further. From this
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Fig. 5. Fusing distributions before Markov timed transitions.

perspective, there are still equalities that one may (or maynot) consider desirable – such
as between statess andu in Figure 5 – but do not hold in the theory presented here, nor
in the GSPN setting.
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