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On Probabilistic Automata in Continuous Time

Christian Eisentradit Holger Hermanns?, and Lijun Zhang

! Saarland University, Computer Science, Saarbriickerm&mey
2 INRIA Grenoble — Rhdne-Alpes, France
3 DTU Informatics, Technical University of Denmark, Kgs. gy, Denmark

Abstract. We develop a compositional behavioural model that integratvaria-
tion of probabilistic automata into a conservative extensif interactive Markov
chains. The model is rich enough to embody the semanticsnefrgised stochas-
tic Petri nets. We de ne strong and weak bisimulations arsduks their compo-
sitionality properties. Weak bisimulation is partly oldius to the probabilistic
branching structure, in order to re ect some natural edjealin this spectrum of
models. As a result, the standard way to associate a stacphestess to a gener-
alised stochastic Petri net can be proven sound with respagetak bisimulation.
Keywords: Markov processes; nondeterminism; discrete time; contiadime;
process algebra; weak bisimulation semantics

1 Introduction

Process calculi provide compositional theories for compglestems, especially those
involving communicating, concurrently executing compuatsg1]. The consideration
of stochastic phenomena has led to the development of appéedii stochastic and prob-
abilistic process calculi, seeded in [2,3]. Two of thesewlaktand out, in the sense that
they extend classical concurrency models in simple yetewasive fashions: Proba-
bilistic automata [4,5,6], and interactive Markov chais [Though differentin avour,
both are equipped with compositional theories for strond)j\w@aak bisimulations and
corresponding equational theories.

In probabilistic automataRA), there is no global notion of time, and concurrent
processes may perform random experiments inside a tr@mstthis is represented by
transitions of the forns 2~ , wheres is a statea is an action label, and is a probabil-
ity distribution on states. Labelled transition systenssiastances of this model family,
obtained by restricting to Dirac distributions (assignialyjprobability to single states).
Thus, foundational concepts and results of standard cogroey theory are retained in
their full beauty, and extend smoothly to the model of praligttt automata.

Since the model is akin to Markov decision processes, itddurental beauty can
be paired with powerful model checking techniques, as impleted for instance in the
PRISMtool [8].

Interactive Markov chaindNIC) in turn arise from classical concurrency models by
adding a second type of transitioge-s°, that can embody random delays governed by
a negative exponential distribution with some parametdihis twists the model to one
that is running on a continuous time line, and where exenataf actions take no time
and happens immediately — unless an action can be blockduebsntvironment. This
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Fig. 1. Yardsticks for weak bisimulation on Markov automata.

is linked to the process algebraic notion of maximal progfes internal actions. By
dropping the second type of transitions, again, standandwoency theory is regained
in its entirety, and extends smoothly to the flMC model. The availability of tool
support [9] has led to several academic and industrial epipdins [10,11,12,13,14,15].
For long, the analysis trajectory was restricted to modelere the weak bisimulation
quotient is free of non-determinism (then corresponding tmntinuous time Markov
chain), but with the work of [16] this restriction is obsaet

The seemingly simple question addressed in this paper ist WAppens to the the-
ory of these two concurrency models if we integrate them® iEot only an academic
question, since industrial engineers are desperatelpgs$&r formalisms that support
both, probabilistic branching and exponentially disttézlidelays. Therefore, we are
going to look into a model clas®lA (Markov automata), that supports two types of
transitions, namelg2> ands®»»s%

In the context of Petri nets, this move has been done 25 yemarsAdter Mol-
loy introduced Stochastic Petri nets (which correspondadotiouous time Markov
chains) [17], it was a matter of two years until also prokati branching was sup-
ported in the form of weighted immediate transitions, legdio the model of gener-
alised stochastic Petri nets (GSPNs) [18]. However, theritars of GSPNs initially
overlooked the issue of non-determinism arising from corently enabled probabilis-
tic branching. To date, the analysis trajectory for GSPNspartial one. It is restricted
to confusion-free nets, a class of nets, where non-det&miis absent. Still, the anal-
ysis trajectory developed for this class gives us impoiitasgiration when formulating
our theory. While a direct combination of tH#A and thelMC theories is an almost
easy exercise, it turns out to be very demanding if re ectnghe different time scales
we now work in. As in plainMCs, internal probabilistic transitions cannot be blocked
and take no time to execute. Consequently, we aim at fusiqgesees of them. This
implies that we need to partially ignore the branching striecof our probabilistic au-
tomata induced substructures when de ning equalitiese@sfly weak bisimulation,



on them. In particular, we aim at a weak bisimulation thaisseg the equalities de-
picted in Figure 1PA transitions are drawn with a small dot (omitted if the diztition
is Dirac) after which the distribution followsE andF indicate distinct equivalence
classes. The rightmost equality is induced®¥y weak bisimulation, the leftmost by
IMC weak bisimulation, which is an implication of lumpabiliffhe ones in the mid-
dle are peculiar. The left one motivates what we want to aehie the interplay of
probabilistic and continuous time Markov behaviour. Iteets that the minimum of
two exponentially distributed delays is exponentiallytdimited with the sum of the
rates, and that the probability of the left one nishing iistdetermined by its relative
weight in the accumulated sum of the rates. In the middle ¢oritpht we nd what
this implies on the level oPA, namely that our weak bisimulation becomes ignorant
to the branching structure. This equality is invalidRA weak bisimulation, since in
u there is no successor state equivalent®olt is however valid with respect to the
PA forward simulation kernel, the coarsest congruence indilogeprobabilistic trace
distribution [19,4].

The main contribution of this paper is a de nition of weakilisilation on theMA
model that is (i) (indeed) an equivalence satisfying thevalemualities, (ii) a congru-
ence with respect to parallel composition, (iii) a conséveaextension oIMC weak
bisimulation, (iv) coarser thalRA weak bisimulation, and (v) can serve as a correctness
criterion when associating a continuous time Markov chaia tonfusion free GSPN.

For the sake of space, we establish the congruence resulfara parallel com-
position operator in the style A andIMC, which have common roots in CSP. Other
operators can be considered at will (hiding, restrictiar),.with the usual root condi-
tion being needed to arrive at a congruence for non-detéstigichoice.

Organisation.Section 2 sets the ground for the paper. In section 3 we inted
Markov automata. The main contribution of this paper is enésd in section 4. In sec-
tion 5, we prove that our notion of weak bisimulation covérs hotion of equivalence
for GSPNSs as a special case. Section 6 discusses related amatlconcludes the paper.

2 Preliminaries

(Sub)distributionsA subdistribution over a seS is a function : S 7! [0; 1] such
that ,5 (s) 1. We denote bySupp( )= fs2Sj (s)> Og|§he support of
and de ne the probability o8° S with respectto as (S9 == _,50 (s). The
subdistribution with Supp( ) = ; is denoted by .. Letj j := (S) denote the
sizeof the subdistribution . We say is afull distribution, or distribution, ifj | =
1. Let Dist (S) and Subdist(S) be the set of distributions and subdistributions over
S, respectively. Fos 2 S, we let ¢ 2 Dist(S) denote theDirac distribution, i.e.,
s(s)=1.Let and °be two subdistributions. We de ne the subdistributidi:=
Opy: Qs)= (s)+ Ys),ifj %9 1. Conversely, we say thaf®can be split
into and © Orthat(; 9 is a splitting of % Moreover, ifx j j 1, we letx
denote the subdistribution de ned bfx )(s) = x  (s).
(Sub-)distributions can also be considered as sets ®ver(0; 1], where(sz;r1);
(s2;r2) 2 S (0;1] ™ s; = sy impliesry = r,, and where the second components of
the elements sum up to a number smaller or equal to 1. Theesetori subdistribution



will be widely used throughout the paper. For example to tkeitioe distribution
with (s1) = 0:75and (s;) = 0:25 we may write = J(s1;0:75); (s2; 0:25)K
Let for an elemens 2 S and a subdistribution overS the expression s denote
the subdistribution that is obtained fromby removing the paifs; (s)) from , ifit
exists. To make clear when we talk about sets representldjsttibutions and when
about in general sets, we ud@andKfor subdistributipnsf andg for sets. Since is
associative and commutative, we may use the notatioior arbitrary nite sums.

Labelled treesFor ; 92 (Nsg) we write Oif there exists a (possibly empty)
suchthat = ©
A partial functionT : (N>o) ! L, which satis es

—iffor ; 92 (Nso) : %and °2 don(T) then 2 don(T)

—if i 2 dom(T)fori> 1,thenalso (i 1)2 don(T)

- "2 domT)
is called an(in nite) L-labelled treeLet 2 dom(T): is called a leaf off if there
isno ©2 don(T) such that < © " is called the root off . We denote the set
of all leaves ofT by Leafr and the set of all inner nodes byner . If the tree has
only one node, the root node, then this node is contained tin mmes and Leaf; .
In any other case the two sets are disjoint. For a nodéa treeT let Childrer{ ) =
fi ji 2don(T)g. Inthis paper, we considér-labelled trees with nite branching,
i.e.,jChildrer{ )j < 1 forall node .

3 Markov automata

We integrate probabilistic automata and interactive Maritoains into one model, de-
ned by means of a twofold transition relatior~ and »»»:

De nition 1. A Markov automatoM/A is a quintuple(S; Act; —; =; S,), Where
— Sisanonempty nite set of states,
— Act is a set of actions containing the internal action
— — S Act Dist(S) is a set of probabilistic transitions, and
— = S R o SisasetofMarkovtimed transitions, and
— 5o 2 Sis the initial state.

We lets;u;v;t;E; F; G and their variants with indices range ov&rFor Markov
timed transitions, 2 R o denote rates of exponential distributions. For probatixlis
transitions,a ranges oveAct, and ranges oveDist (S). A probabilistic transition
(E;a; ) 2 — is also denoted b¥ 2~ , similarly we de neE »-F. We say an
actiona 2 Act is enabled inE, if there exists a probabilistic transitida 2> . A
stateE 2 S is calledstableif the internal action is not enabled itk . If E is stable,
we use the shorthand notati&d#. We employ the maximal progress assumption. This
means that if a state is not stable, time is not allowed ton@sxy making Markov timed
transitions out of this state irrelevant [20]. ASIMC, this assumption is not evident in
the model, but part of the equivalences de ned on it.

Now we de ne a (nonnegative) real-valued functicateys : S S 7! R o, that
calculates the rate to reach a stsitérom a )ftates by

ratga(s;s9) = f js==>s%:



Moreover, we de neatgya(s) := P o rateya(s; 89 as theexit rateof s. The subscript
is omitted if clear from the context.

The delay associated with a state that enables Markov timaatsitions is ex-
ponentially distributed with the exit rate: for statein the upper part of Figure 1
the probability that the transition is executed in the nex2 R ¢ time units is
1 e 4wz =1 e 32 |n general, the probability to move fromto the suc-
cessor stat& equals the probability that (one of) the Markov timed tréioes that
lead fromu to E wins the raceTherefore, theliscrete branching probabilityo move
to E is given by
rat€u; E)

P(UE):= ratgu) '

which is% in our example. Fou 2 S, we useP (u; ) to denote this discrete branching
distributions.

The subset oPA arises if== = ;, and thelMC subset is the one where the distri-
butions occurring as third components-e# are all Dirac.

Parallel composition

Assuming we are given twdIAs MA; = (S%;Act!; —1; »1:sl) and MA, =

(S%; Act?; —2; »»2:52), we consider a family of parallel operatdjs indexed by
some setA (Act [ Act?) f g. For a clear presentation we use these opera-
tors as syntactical means to denote some stafiga S, which arises by the parallel
composition ofs; ands,. As syntactic sugar, we lift them to subdistributions as fol
lows: for subdistributions ; 2 Subdist(S;) and », 2 Subdis{(Sz), 1 jja 2 de-
notes the subdistribution Dist (S;  S;) by distributingjja. As an example, we have
(1dia 2)(sijjas2)= 1(s1) 2(s2).

De nition 2. Let MA1, MA, andA as discussed above. The parallel operator can be
applied to the twaVIAs to form the parallel compositioMA; jja MA, = (S;Act? [
Act?; —; =S, Of processes where

- S=fsijia sz (s1;82) 2 St S?g,
— (stiia S2;; 1lia 2) 2 — iff either
2 Aandforeach 2f1;2g,(si;; )2 —',or
62A and(sy; ; 1)2 —7N .= g 0r(sy; 2)2 =N =
— (s1jia s2; ;5 Yija S3) 2 = iff either
if for eachi 2 f1;2g, ratea (si;s?) > 0 ~ s = slthen =
rat@ya, (S1;S9) + rateya, (Sz; s3), otherwise
= rataya, (s1;SY) andsd = s, or = rataya, (s2;s9) andsy = sy,
—so=stjjas?2S! S?isthe initial state.

This composition agrees with the one iMC and for PA (neglecting minor differ-
ences in synchronisation set constructions) on the ragpettibsets [7,21]. The style
of de ning this operator can be made more elegant though [22]



4 Bisimulations

We introduce rst some notations that make our further déston more compact, at the
price of mildly reduced readability. It enables a uniformeaiment of probabilistic and
Markov timed transitions. In doing so, we introduce the plgeaction (r) to denote
the exitrate of a state. Moreover,welet:= f (r)jr 2 R ggandAct := Act[ ,
and ; ;:: range over this set.

De nition 3. Let MA = ( S;Act; —; »»;S,) be anMA. LetE 2 Sand 2 Act .
We writeE! if

N2 Act or

— E#~rr=ratde) = ()~ =P(E;).

— E —»

In order to to compare twilAs, we compare their initial states in the direct sum of the
two MAs. For this purpose we introduce tligect sumof two MASs:

De nition 4.
LetMA; = (S%; Actt; —1; == 1:s1) and MA, = (S?; Act?; —2; »=2;s2) be two
MAs with ST\ S2 = :. Their direct sum is de ned as th®A: (S[ S2;Act? |

ACtZ; 4~>1[ %2; »»1[ »Z;Sé)_

Since the initial state of the direct sum automaton does lagtgrole for bisimulation,
the choice o8} as initial state is arbitrary.

4.1 Strong Bisimilarity

For strong bisimulation, the obvious combination of strégimulation forlIMCs and
strong bisimulation foPAs can be phrased as follows:

De nition 5. Let MA = ( S;Act; —; »»;S,;) be anMA. LetR be an equivalence
relation onS. Then,R is a strong bisimulation ifE R F implies for all 2 Act :
E! impliesF! Owith (C)= YC)forall C 2 S=R:

Two statesE andF are strongly bisimilar, writtee  F, if (E;F) is contained in
some strong bisimulation. TwdAs are strongly bisimilar if their initial states are
strongly bisimilar in the direct sum of thdAs.

In case that 2 Act, the condition (C) = YC) is the same as fdPAs [4]. For

= (r), it is an equivalent reformulation of the followin&# implies ratdE) =

ratdF) andratdE;C) = ratdF;C) for all C 2 S= R. The latter is exactly the
one used foiMCs [7], and as such implements maximal progress. Since ouritien
conservatively extends strong bisimulationligi®s andPAs, some nice properties, such
as strong bisimulation being an equivalence relation and a congruence relatidn wit
respect to parallel composition, can be established by gungstandard techniques
from [7] for IMCs and [4,23] foiPAs. In the following, we focus on weak bisimulation,
which is the central contribution of this paper. We startittydducing weak transitions.



4.2 Weak Transitions

Weak transitions for probabilistic systems have been deé imethe literature via prob-
abilistic execution in [4], trees [24], or in nite sum [25\Ve adopt the tree notations,
and decorate nodes with labels to our convenience of dewgjdipe theory.

We consider in the followingg R o (Act [f?g )-labelled trees. Briey, a
node in such trees is labelled by the corresponding statdapility of reaching this
node, and the chosen action (including the pseudo-actiavidokov timed transitions)
to proceed. For a nodewe write Sta( ) for the rst componentof( ), Proh( ) for
the second componenttf ) andAct;( ) for the third componentaf( ).

De nition 6. Let MA = ( S;Act; —; »;S,) be anMA. A transition treeT is a
S R o (Act [f?g )-labelled tree that satis es the following condition:

1. Prob (") =1,
2.8 2 Leak :Actr ()= 7?,

3.8 2 Inner nleaf :9 : Sta( )!AC(T()

and

Prob () = q(Sta( :Prot (%) j °2 Children ( )y:

Note that the de nition implies thaEt) 21ear PTOB () = Proh (") = 1. Restricting
Act to Act, a transition tred corresponds to a probabilistic execution fragment: it
starts fromSta ("), and resolves the non-deterministic choice by executingbbas
bilistic transition with the actiorActy ( ) at the inner node . The second label of

is then the probability of reachin§ta- ( ), starting fromSta (") and following the
selected transitions. If in a nodethe Markov timed transition is chosen, the third label
Actr () 2 R ( represents the exit rate 8fta- ( ). In this case, a child®is reached
with Prob () times the discrete branching probabilRy Sta ( ); Star ( 9).

For two transition tree¥ andT %, we sayT isapre xof T T T Cif don(T)
dom(T9% and8 2 Innekonleafo : T( )= TY )and8 2 Leako : either
T()=TY )or 62eaf andSta ( )= Stao( ) andProb ( )= Probo( ).

An internal transition treeT is a transition tree where eadkctr ( ) is either
or?.LetT be a transition tree. Then the distribution associated Witlienoted by

1.,isdenedas M
T € XStar (); Prob ())K:
2 Leafr

We say the distribution isinducedby T . With the above de nitions we are now able
to de ne weak transitions:

Denition 7. ForE 2 Sand a full distribution we write

- E=) if isinduced by some internal transition tréewith Sta- (") = E.

- E=) if is induced by some transition trde with Sta (") = E, where on
every maximal path from the root at least one nods labelledActr ( ) = . In
case that 6 ,then there must be exactly one such node on every maxintal pat
And all other inner nodes must be labelled by

n

- E=) if = andE=) orE=)



For all three transition relations we say that the transititree that induces also
induces the transitiorno

Note thatE =) g andE =$ e hold independently of the actual transitions

E can perform, whereds =) g only holds ifE— g.Forall 6 E =$

is identical toE =) . Below we de ne the notion ofombined transitiongl], which
arise as convex combination of a set of transitions with #maeslabel, including the
label representing Markov timed transitions.

De nition 8. We writeE =) ¢ , if 2 Act and there is a nite indexed
setf(ci; i)g;,, of pairs oflgositive real valued Iyveights and distributiongls that
E=) foreachi2land ,,,c=1land = G ;.

We say thaE =) ¢ isjusti ed by the sef (ci; i)g;,, -

Transitions relations from states to distributions can lemegalised to take
(sub)distributions to (sub)distributions, by weighting the result distriloutiof the
transition of each elemeit 2 Supp( ) by (E).

n

o

Denition 9. Let 2 =) ;=) ;—=; »=! . Then, we write if =
si2supp( ) (si) i, wheres; i holds for alls; 2 Supp( ).

We say that is justi ed by the transitions; i We also generalise stability

to subdistributions: #if 8E 2 Supp( ) : E#

Basic Properties Weak Transitions
Throughout the paper, we will usually assume thas the set of states of SomM¢A =
(S;Act; —; = So) in the lemmas and proofs without further reference.

Let for two subdistributions and the distance (; ) be dened as

A sl (A (A)

Lemma l. LetE 2 Sand 2 Act. Then, for any sequence of distributions g2

such thatt =) ¢ |, there existE€ =) ¢ and a subsequende jgi>; with J |
suchtha8 : 9k : 8k92 J A kO k:

(ke )<

The lemma means that the limiting distribution is also agdiby some weak combined
transition. Desharnais [24] has proven this lemma for thellad Markov processes.
Since our weak transition involves only probabilistic sgttheir proof can be applied
direct to prove the above lemma.

Lemma 2. LetE 2 Sand 2 Act. Then, lef g2, be a sequence of distributions,
suchthatt =) ¢ ; andthe ; have limit distribution , i.e.,

8 : 9k:8k’217K% k: (w )<

ThenalscE=) ¢ :



Lemma 3. LetT be an internal transition tree. Then every sequence of sitbtrees
of T, ordered by<, contains a subsequence of nite transition trees, whoseided
distributions have limit distribution 1 .

Lemma4. Let 2 Act.

—1If =) ¢ %and %=) ¢ %thenalso =) ¢ ®©
—1If =) ¢ %and °=) ¢ %thenalso =) ¢ ®
—1If =) ¢ %and °=) ¢ %thenalso =) ¢ ®

Lemmab5. Let and be subdistributions, such that is again a subdistribution.
Andlet =} ¢ %and =} ¢ ° Then =fc. 0 o

Proof. We partitionSupp( ) into disjoint sets:
() fEj i (Ej)> 0™ (Ej)=0g,,,
(i) fRej (F)=0" (Fx)> 0g,,y and
(i) fCij (Ci)> 0" (Ci)> 0g;,,
Let =) ¢ Cbe justied by the transitionde, = (E; =) ¢ ¢,) forj 2 J and
Ci :? c ¢ fori 2 1 and let =S c %be justied by the transitiondg, =

(Fk =? c g ) fork 2 K andC; =? ¢ ¢, fori 2 1. Combining the two justifying
transitions ofC;, we let

(C) (C)

¢=fe e Ty ¢ @ @) o

Call this transitioril¢, for eachC; .
First, we rewrite the distribution®as follows:

M

0= (G) &
G2f Ejgiu[f Cigi2|
M M
= (E) e (C) ¢ 1)
E2f E; g C2f Cjg;
| J 12{2 } | Z{Z }
= y1 = X1
Similarly, we have:
0 M
= (H) w
H2f|\';|k9k2|<[f Cigy, M
= (F) ¢ ©) ¢ (2
F2f Fxg c2f Cig;
I {2 o {z }
= Y2 = X2

In orderto obtain ©  © we rst addx; andx;:

X E'x; + X (3)



M M

= (C) C (C) C
C2f Cig;,, C2f Cigiy,
M
= ) ¢ €) c
C2f Cig;,,
M
= ( (©)+ Q) c
C2f Cig,,,
M
= ( )(C) ¢ 4)
C2f Cig;,,

Considering the way the partitioning was chosgnandy, can be further rewritten:
0 1

M
yi=@ )(Ej)) g A
i23 |

M
Y2 = ( )(FK) R
k2K

Then, adding togethsr, y» andx, we get:

0 1
M
° =@ )(E) A
j23
I |
M M
( )(Fk) e, ( )(Ci) ¢
k2 K i2l
Hence the transitione, andTc, andTe, together justify =3 )
Lemma 6.
Let be adistribution. Then for eadhi< k < 1:
1. Forall ¢; »:If = ;4 >thenalso = k 1 n((1 k) 1 2). o
2. Forall %If Othenk k O forevery 2 =3 =) e

4.3 Weak Bisimilarity

A notion of weak bisimulation satisfying our yardsticks imetintroduction is not
straightforward to nd. As a rst try, we combine the weak lirilation relations for
PA andIMC in the obvious way, analogously to our approach for strosgrhilation:

De nition 10 (Naive Weak Bisimulation). Let R be an equivalence relation o8.
Then,R is a weak bisimulation ifP R Q implies forall 2 Act : P! implies
Q=) ¢ %with (C)= YC)forall C 2 S=R:



This naive weak bisimulation however is too ne. It fails tgueate the states;v
on the left part of our motivating example in Figure 1. To skis,tconsider the

. . 3 .
Markov timed transitionv ! ®) vo = 1. SinceE;F can be assumed stable,

ur @) q(E; %); (F; %)y =: , is the only option to match this transition. Assum-

ing, thateE andF lie in two different equivalence classes (for instance eafcthem
can perform a distinct probabilistic transition with prblday 1), it is easy to see, that
[v9 6 [E] and[v9 6 [F]. It is thus impossible to fully satisfy the bisimulation @bin
tion in De nition 10, since 1([v9) = 1, but ,[v9 = 0. Thusu andv are not weak
bisimilar here.

To overcome this problem, we take some inspiration from Aadand Baeten [26],
and consider a state to be a representation of the distiibthat is obtained by fusing
distributions reachable by internal transition, as lonthase is no non-determinism. In
the example above, this VY-PUld remove our problems, since ewddithen considev®
to represent the distributior(E; %); (F; %) , Which is perfectly matched bys.

It hence appears natural to de ne weak bisimulation as aioglaver subdistri-
butions overS. As for standard bisimulation, our notion of weak bisimidatis not
de ned over equivalence relations, but uses two symmetsicrtulation conditions in-
stead.

De nition 11 (Weak Bisimulation). A relation R over subdistributions oveS§ is
called a weak bisimulation if whenevef R 5 thenforall 2 Act :

=12 )
and
A) 8E 2 Supp( 1):9 29; 2% 2=) ¢ 29 °and
() XE; 1(E))KR 2%and( 1 E)R 2°
(i) wheneverE! 9 for some 9 then ,9=) ¢ %and ;(E) 9R
and

B) 8F 2 Supp( 2): 9 19; 1S: 1=) C ]_g 15 and

(I) 1g R J(F, 2(F))Kand 15 R ( 2 F)

(i) wheneverF! 0 for some 9then 19=) ¢ %and R ,(F) ¢
Two subdistributions and are weakly bisimilar, written ,ifthe pair(; )is
contained in some weak bisimulation. We say that two st&ajés are weak bisimilar,
denoted by F,iff g r . TWoMAs are weak bisimilar if their initial states
are weak bisimilar in the direct sum of tii¢As.

This de nition requires a careful explanation. First of, &o subdistributions can only
be bisimilar, if they have the same size (Condition (5)). Tke&actly as bisimulations
are usually de ned after Milner, our de nition consists @fd almost symmetric condi-
tions, ConditionA.) andB.). Let us have a closer look at Conditién): The behaviour

of a subdistribution is determined by the behaviour of tlagest in its support plus the
respective probability it assigns to the individual statéenditionA.) now asks that
for each statde 2 Supp( 1), 2 can reach a subdistribution via internal transitions
only, such that this subdistribution can be split into twbdistributions ;9 and 5%,



such that ,9 behaves bisimilar to 1 (E) g, and »° behaves bisimilarto; E,

the remainder of distributioir, if we neglectE (Condition A.(i)). Noteworthy, the
subdistributions of the splittings must also match in tis&e. ConditiorA.(ii) is sim-

ply the usual bisimulation condition as also found Rés andIMCs. ConditionB.) is

completely analogous.

The fact that in Conditio the distribution , (and ; in ConditionB, respectively)
is split only after a sequence of internal transitions, aoidecessarily immediately, is
what adds the power of fusing distributions in this de nitidt might be confusing that
at this point we allow a combined transition, since this se¢onallow for unexpected
interference with non-determinism. However, as we will se€heorem 2, the relation
does not change if we restrict to weak (non-combined) ttiamsi here. By repeated
application of the bisimulation condition on E and »%, itis not hard to see that in
fact , can reach a distribution, that can be split into several stifilolitions, such that
each subdistributions is bisimilar to exactly one statehm $upport of ;. Repeating
this argument with the roles ofy and , interchanged, this suggests thatand , can
fuse internal transition until they both reach distribnspwhose supports are state-wise
bisimilar. Theorem 2 shall make this more explicit.

4 4 2 2

N[

T N
@
m

E F G

Fig. 2. Fusing distributions after Markov timed transitions

Example 1.Consider theV/A depicted in Figure 2, and assurBeF; G indicate dis-
tinct equivalence classes. For better readability, we loanitted the labels of internal
transitions. Following similar discussions in the intratlan, we want states andyv,
or the corresponding Dirac distributions; and , to be weak biaimilar. We prove
this by giv'alg a bisimulatiorR %/ontaining( s; v).Let 1= (E;d)(s%d)
and = (E;2)(F;3)i(G;d) . ThenR:= f( s; );( 1 2);( 25 2)9[! o
wherel p denotes the identity relation over Dirac distributions @ All condi-

tions of De nition 11 are easy to check f¢r s; ). Obviouslyj sj = ] vj. Since
Supp( s) = fsg, Condition A.(i) is easy to satisfy ,, taking .9 =  and
2% = .. For Condition A.(ii) it suf ces to mention that; R ,. Condition B.)

follows completely analogously.

q Now consiger the pai(ql; 2). >I,:orsO 2 Supp( 1), we need to split ,: 29 =
(F;1);(G;3)” and ,° = (E; 3)”. Itis now routine to check the remaining condi-
tions of De nition 11.

The fact that these twhlAs are indeed weakly bisimilar is the nucleus for the fact
that the relation will be a congruence with respect to (achoperator and in particular)
parallel composition of Markov timed delays.



Example 2.In Figure 3, all transitions are internaklabels are omitted. Here, it is not
obvious how to fuse distributions along internal transiidor states, because it can
non-deterministically choose between two internal tridmss. However, we see that
any resolution of non-determinism éninduces the same distribution on the clagses
F andG, namely the one on the right. Therefore, they are weak bisinNote however,
if we change a distribution for one of the internal transispthers 6 t.

Example 3.In Figure 4, boths andu have the same probabilities to reach equivalent
states. For example, the probability to reach a state wiherenly possible transition
performs actiore is 0:5, and the probability to reach a state that can perform exactl
transitions with actions andg is 0:25 for both states. Note that it does not play a role
thats has an actior immediately enabled, since all internally reachable stafdoth

s andu can internally reach a state whexés enabled with probabilitf. So neithers
noru can refusee. On the other hand, replacing &the actione by some other action

f 6 e, sandu will not be equivalent anymore.

As a side remark, our new notion of weak bisimulation doesreqtiire thatR is
an equivalence relation, which is the case for be#s [4] andIMCs [7]. The way it
is de ned, it conservatively extends the non-probabitisise. A nice consequence is
that our weak bisimulation enjoys some useful propertles, &re rare in probabilistic
and stochastic calculi. For instance it is easy to show tethionR 1 [ R ; is a weak
bisimulation, provided tha®; andR , are weak bisimulations. This property is not true
for bothPAs andMCs.

Lemma?7.If 1 >thenforeacltD<k 1lalsok ; k ».

The rest of this paper is devoted to the key properties of wesiknulation. We
start with a novel proof technique, which is crucial for abhall proofs. If we want
to prove two distributions bisimilar, it suf ces to show thtéiey are contained in some
bisimulation-up-to-splitting. The de nition of bisimul@n-up-to-splitting is identical
to that of weak bisimulation, except that it weakens evernydiion of the form R

into a splitting condition R, which is de ned asxistk 2 N and subdistributions
" and iLfori =1;:::;k suchthat ‘
- = i=1;:5k ‘and = i=1;:5k "and
—-8i=1;::;k: "R

De nition 12. R is a weak bisimulation-up-to-splitting, if wheneverR  , then for
all 2 Act :j 1j=] 2jand

E F G EF G

Fig. 3. Fusing distributions in the presence of non-determinism



Fig. 4. Fusing distributions in the presence of observable actions

1. 8E 2 Supp( 1):9 29; 2%: »,=) ¢ 29 L%and

(@ JE; 1(E)KR ,%and( ; E)R 2%and

(b) wheneveE! Othen ,9=) ¢ Pand( ((E) 9 R
2. in addition, an according condition fdt 2 Supp( 2) must hold.

Lemma 8. WheneveR is a bisimulation-up-to-splitting theR

Proof. Let the relationS consist of all pairs of subdistributions, that can be splioi
smaller subdistribution in such a way that thE componemlfe)fspllttmg are related by
R. Formally,S is the set consisting of all pai(s -, .., 1 j=1..k 2) satisfying
the condition | R, fori 2 f1;:::;kgandk 2 N. We will shown thatS is a weak
bisimulation. The Iemma then follows froR S . We skip completely symmetric
cases without further mentioning. L _

L Con&de_r an arbitrary paif 1; 2) 2 S, with 4 = =L b ond 2 =
=1k 2. 1he rstcondition is easy to check, sincg R 5 impliesj 3j = | 5,
and hencg 1] = ] 2 follows. We proceed by jnduction ovo_r the number of compo-
nents of the Sp|lttlng Consider an arbitrary paft .., 1; j-p..x ) 2Sand

assumeE 2 Supp( ;.4 1) If k =1 the proof follows from 1 R > andour
choice ofS. '
Now assumé > 1 and that the claim holds fd« 1. We will use this by splitting
1 and » into two parts as follows:
M ‘ M 4
1= ) fand 2=( 2 5
[ P |2 l‘ 1_}

= 3

To establish Condition A of weak bisimulation, consider gdfn 2 Supp( 1).
Then 1(E) = [1(E)+ f(E). Letl := 4(E)andm := ¥(E) > 0. Since
stk 1 1 isiek 1 2) 2S,wehavethat; =) ¢ 9= 9 ° for
two distributions 29 and 2 ,wh|ch satisfyJ(E; 1(E))KS % and( 1 E) S 25.
Analogously, sincg &; ¥) 2 S, by induction hypothesis, we have tya; =) c

kO = ko Ks for two distributions k9 and XS W|th (E (E)) S k9
and X E S ks . We conclude by Lemma 5 thatg K=) ¢ (29 2%)

K9 ks) = ( Ko ,9) ks nish the proof)pf Condition Ai
of weak b|S|muIat|on we need to show that-éoE )(E)) k9 29



and, (i)( X E) (1 E)S & % For(i) note thatq(E;( 1 '{)(E))y =
JE;m + K= JE;m)K JE;I)K Now, since)(E;m)KS 9 andJ(E;I)KS ,9:
J(E;m)Kand %9 as well as)(E;|)Kand »9 can be split in such a way that the com-
ponents of the splitting ol(E; m)Kand &9 are pairwise related bR and as well the
componenta of the splitting d(l?; [)Kand ;9 are related byR . This is enough in order
toconclude (E; (1 X)E))” S %9 9.

For(ii) weremarkthat¢ ¥ 1) E=( ¥ E) (1 E).Toestablist{f ¥ E)
(1 E)S %% ,%we can proceed in the same way as(igrabove.

For Condition Aii of weak bisimulation suppo&— with 2 Act and hence

by induction hypothesis,»9 =) ¢ %®andl R Similarly, ¥9=) ¢ %and

m R % Hence by Lemma5,k9 ,9=) ¢ © 9 e observe thaf{ &
1)(E)) =m | .Similarlyasaboven | S 9%  fgllows.
2

This technique is helpful whenever bisimilar distribusare composed of bisimilar
subdistributions. We hence immediately obtain thas compositional with respect to
subdistribution composition. Formally,

On Oimplies

Lemma 9. If 1 zand 1 zthen( 1 1) ( 2 2).

Proof. LetR andR be bisimulations that satisfyy R ,and 1 R 5, respec-
tively. We can show that the relatié Subdist Subdistwith

s=f(; 9j = A~ 0= 0 9
NRIR )% (R [R )%

is a bisimulation-up-to-splitting. Obviously 1 1; 2 2) 2 S. The proof mainly
follows using Lemma 5. 2
Theorem 1. is an equivalence relation.

Proof. Re exivity is obvious. For every bisimulatioR alsoR ! is a bisimulation and
henceR [ R ! is so. This proves symmetry. Transitivity is establishedshgwing

that is a bisimulation. This follows easily from the alternatisiearacterisation
of weak bisimulation presented in Lemma 10. 2
Lemma 10. Whenever ; 2thenforall 2 Act :j 1j=j 2jand

1. whenever1=) ¢ .9 15 then

@ 2=)c 29 2%°and ;¢ 9%and ;° @ °

(b) and whenever 9=) ¢ 9thenalso ,9=) ¢ %and 9
2. and accordingly for ;.



Proof. We distinguish two cases, skipping completely symmetrazsa\We start with
the special case where immediately is split and does not perform initial internal

}_ransitions. Formally, ; = 49 15. SincejSj is nite, we may represent ;9 as
i21:n JEi;ki 1(Ej))Kforn 2 N, where8i 2 1;:::;n : k; 1(Ej) > 0.
We proceed by induction over. The base case with;¢ = . is trivial. For the in-

duction step, we proceed by rede ning the splitting to attiptj 99 9s, where
Supp( 99) only containsE,. Formally, 99 = J(En;kn 1(En))Kand 9% =
i21.:n 1 JEiski  1(Ei))K  1°. We then prove that for this splitting3? and
9s exist with 99 99 and 9s 9s. We call this(?). It follows almost im-
mediately from 1 2. The only reason why we cannot use Condition Ai of weak
bisimulation directly, is that there always implicitky = 1. It is, however, an easy ex-
ercise to adjust the splitting obtained from this conditi®ay we have obtained  °
as a splitting. Then9 1(E1) g, and ® 1 Ei1. We adjust this by setting
9=k, 9and 95=(1 k) 9 S.Itiseasy to check that those subdistributions
satisfy the necessary conditions.

The hard part, however, is to show thg¢ can simulateE, =) ¢ 2, rather than
only Ep! ¢ (Condition 1(b)). This proof needs a structural inductioreothe
transition tree justifyingg, =) ¢ Y, if the tree is nite. For in nite trees, we can
reduce the problem to nite trees with Lemma 3. We explaindbéails later.

For a shorter notation we |& = E, in the following. Assume thaE =3 c ¥
Let this transition be justi ed by the indexed skfci; i)g;,, and let the respective
inducing transition trees 0@ g, .

We will rst show how to reach for each of the; a bisimilar distribution via a
combined transition, and how we can combine these transitio order to reach a
distribution that is bisimilar to ? itself.

Consider an arbitrary; from the indexed set justifying =S c JandletT = T,
be the transition tree inducing this transition.

The simplecaseiE=) ¢.Since ,9=) ¢ ,9%anddirectly ;9 k 1(E)

g everything follows.

Now assume thadE =) ; for arbitrary ;. Then letT,e be the maximal subtree
of T, which is an internal subtree. This means intuitively thavé let all leaves of
Tore take on more step, as given By, then these steps aretransitions. Let e the
distribution induced bylye . We call the distribution resulting from performing alt
transitions post . Formally, post is the distribution induced by the smallest subtree of
T that represents a transition of the foE®r=) .

We then show that % =) ¢ 00 such that ; 00 jp three steps: (i) We show
that 29 =) C 2|gpre W|th pre ZI%re_ and (||) zl%re- =) C 2|gost W|th post
2'host @nd nally (iii) 2'Do =) ¢ with % By Lemma 4, we may then

conclude that ,9=) ¢ .
We now combine these transitions transition in order to &aeudistribution 9:
ombine the % with the weightsc,. More formally, we let ,9 =) ¢ 9 :=
> G % Since 1(E) | 0 also 1(E)G i ¢ °°. Hence by repeated appli-
cation of Lemma 9, 1(E) § % asrequired.



We now establish step@) to (iii ): As mentioned before, we proceed by structural
induction over each tre€g inducing a transitiorE =)  ;, which in turn are then
combined to the combined transition Bf we actually consider. IT; is in nite for
somei, by Lemma 3, it suf ce to show that we can simulate the indudistribution

s of each nite subtreeS of T;. Thus, it suf ces to consider the nite case in the

following.

Let us hence prove by structural induction over internaigition trees, that when-
ever g andE=) ¢ ,then =) ¢ Yand O LetE=) witha nite
inducing transition tre@ . Letus rstnotethat =) ¢ ¢ Sand ¢ E andhence

S = .. Furthermordii holds true forE and 9.

Assume we have already established the hypothesis forrat stibtrees of the
internal transition tred . SinceT is nite, there is a subtre& such thatT andS
are node-wise identical on all nodes $f except for one leaf node of S, where
S stops, bufl continues by one more transition. Formally, for this nodee know

EO% Sta( ) = Sta( ) andProb () = Proks( ), butActr( ) = , whereas
Acts( ) = ". Furthermore, the nodes df, that are not nodes @&, are exactly the
children of in T. They de ne a distribution go with £o(G) = F2ELS) if o

exists, where ¢ is the node inChildrenry ( ), with Sta ( ¢) = Gand go(G) =0
otherwise. Furthermor&®— go.
Let s be the distribution induced b$. Let s* be the subdistribution we obtain
from s by removing exactly the fraction that is caused byrhen(Prob- ( )) go
s®isasplitting of s. Andhence = s (Prob()) go.
Now by induction, 9=) ¢ 9for some °such that g 0 Using(?), there

also exist 2o and 2 suchthat °=) ¢ 2, 2with & (Pro()) eocand

0 s
S S

Since E%—» o, also 2 =) ¢ @ . and 90=) o 00wpjth 000
(Prob (1)) ec.

Hence by Lemma 5 and Lemma 48, 2 =) ¢ %% 2. Since %0
(Prob (1)) go and 2 ssand = ,° (Prob()) go by Lemma 9,

000 9 . And hence nally again by Lemma 4, sincé=) ¢ 2 2 and
9=) ¢ %and =) ¢ 9 weget =) ¢ °° 2 which completes the induction.

We next consider stefii). We want to show that there existaigost such that

ZI%re =) C 2|gost and post ZISOSt'

By step(i) we know that Zi%re pre - Tre€Tyos can be obtained from trekye
by expanding all leaves e by one -transition, completely analogously to what we
did in the last paragraph with one leaf.

Using similar ideas as above, we rst note that

Mo q y
pre = (Star,,. (); Probr,, ()
2 LealTpre )
Then, using as apo\(@€) for each leaf, there exist&or each leaé distributiony , such
that 2'%. =) c 2 LealTye ) and8 : (Star,, ( );Prob,, ()" . Then

we can continue as above.
For (iii ), it suf ces to repeat the argument for stép for eachF 2 Supp( post)-



The general case, wherg does perform initial internal transitions to some distri-
bution ¢, formally, ;=) ¢ 2= 19 ;Swith 96 4, mainly reuses the special
case above, setting therg9 to ; and ;°to .. Fromthere, we obtainin a rst step

2=) ¢ 29 2%and 1 %and . 25.

We now will show that , =) ¢ %and ? 00 \We also obtain this from the

special case as follows: whenevar=) ¢ ¢ forsome 9 thenalso ,9=) ¢ and
9 % Hence by transitivity, ,=) ¢ 29 5= 39=) ¢ @

As ¢ is directly split now without any initial internal transitis, we can directly
apply the special case fof and % which we have obtained in the last paragraph. This
nishes our proof since then

1. %) o 0o %% and .9 08 and 0¢ 25,

2. andwhenever,9=) ¢ §forsome ¢,thenalso =) o ®%nd ¢ 00

suchthat =) ¢ 1 x and i fori=1;:::;k.

Proof. We proceed by induction ovédr. The case&k = 1 is follows immediately from

the de nition of weak bisimulation. Consider the splittifigs;:::; « 1; «) fork >
1. By induction hypothesis, the lemma holds for the splitting;:::; « 1 K)-
Hence there existy;:::; ¢ 1 suchthat =) ¢ 1 k 1 and i for

i=1;:i00k 2and( k1 k) k 1.Since( «k 1 «) Kk 1, We can use
Lemma 10 and taking setting therg? = ¢ j;and 5= ,wegetthaty 1=) ¢
k 1Y k 15and ¢ 1 « 19 aswell as g Kk 1°.

Since x 1=) ¢ k 19 « 1% also 1 k2 k1=)c 1
kK 2 k 1Y k 15 by Lemma 4. And hence, again by Lemma 4, als&) ¢
1 k 2k 19« 1% which completes the proof. 2

It is important to note again that for weak bisimulation itvital that in general
does notimply8C 2 S= : (C)= (C).InExample 1 we use@5 < R
J(F; 0:25); (G; 0:25)K in order to proves R v. However, neithes® F nors®
G holds. Although retaining exactly this condition is impibés, and satisfy a
weaker form, which can be phrased as an alternative chaissatten of and

Theorem 2. Let MA = (S;Act; —; »>;S,) be anMA, E;F 2 S,and; 2
Dist (S). Then

1. E F if and only if: wheneveE! thenforsome:F=) ¢ and ,
2. ifandonlyif:9 °: =) Cand9 °: =) Cand %and ©
and8C2S= : qC)= Y0).

The above characterisation implies directly that is a generalisation of the weak
bisimulation we have de ned in De nition 10:  demands that whenever

thenF =) ¢ for some , and . In general, the latter will not implgC 2

S= : (C) = (C) directly. But instead, by the second clause of the theorem,
these two distributions can fuse distributions to reactritistions °and °that satisfy
8C2S= : qC)= 90C), without leaving their respective equivalence classes.



Furthermore, the distributions’ and ° from the second clause are as re ned as
possible with respect to containment of different equina&eclasses with respect to

. Phrased differently, for every stasein the support of ®or 9, every internal
transition ofs either reaches a distribution, where every state in themtifgpequivalent
to s itself and can thus not re ne the distribution any furtharfarther re nement by
this internal transition of the distributions® or © respectively, would immediately
yield a distribution that is not in the same equivalencexlahis observation is also the
key observation needed to prove Theorem 2, and is statedfigriné Lemma 16.

For the proof of this lemma we need Lemma 14 and 15, which igittz to the
congruence property of with respect to subdistribution composition. It states tha
two distributions that are identical, except for a certaacfion, must be different with
respect to , as soon as this fraction is different. This holds indepeatigef how small
the fraction actually is. Additionally, Lemma 12 and 13 dedth convergent in nite
sequences of distributions.

Let us use in nite subsets of the natural numblers NandJ N as index sets for
sequences of (sub)distributions and real numbers. We densgquence of elemeiais
fori 2 | with hejii,, . If sequencédgiiiz| has a limitr, we writeheyii; ! r. We
omit the index, if it is clear from the context. Note that (ddibtributions over states
can be considered elementsRIf!, since we assume8l to be nite. Hence the usual
results for the convergence of in nite sequences can bdexqhpl

Lemma 12. Letl be anindex setand?2 |.

Ifh (i; i)i! Oand =) ¢ ¢ isand {9=) ¢ ?,then9 90 s iOfOI'

everyi 2 |,suchthat =) ¢ ;¢ isand 9=) ¢ %andh ( ;9; ;9)i! 0,

h (S i8)i! Oandh (% %! o

Proof. For everyi 2 |, the transition ; =) ¢ i°°: i9 i$ is constructed by

reusing foreverfe 2 Supp( i)\ Supp( i) the transition ok, that was used to justify
i=)c i° i%, and by using for everfy 2 Supp( i) n Supp( i) the trivial

transitionF =) ¢ .

Then for the splitting of ®into ;9 and %, we choose ;9 such that ;9(E) =
minf °{E); {9(E)gforeveryE 2 S. This ensures that each stateSopp( ;%) can
in fact perform transitions of the form) . The transition ;9=) ¢ is then chosen as
above.

The claim then follows from the fact that whén! 1 then for eache 2

Supp( i)\ Supp( i).j i(E) i(E)j! O. 2

In the following lemma we show that two distributions are Wgdisimilar, if they
only differ in an in nitesimal small fraction.

Lemma 13.

R:=1f(; )jol :9hiijz;;hjijz :
hiii2| ! “h iii2I ! NgBi 21 : i ig

is a weak bisimulation.



Proof. Consider(; ) 2 R and assume =) ¢ 9 Sand 9=) ¢ © Since
(; ) 2 R there are in nite sequencds;ij2; andh jij2; as in the de nition ofR.
We rst show that the behaviour bfji converges against the behaviour of Then,
since i for everyi 2 |, ; can simulate this behaviour, the behaviour ofs
the limit of this behaviour. As we will see, this suf ces totaklish the condition of
bisimulation. As usual, we skip symmetric cases.

Considering the trivial in nite sequence ;::: .ByLemma 12, for each2 | we
can nd ;9; ;Sand ’suchthat;=) ¢ ¢ ;Sand ing ¢ Pandh 9y !
9 andh ;Sijy; ! s and alsch Gz ! 0
Since i foreachi 21, =) ¢ ¢ i$ and i9=$ c Yand ¢ 9
and ;S iSand 0 0
By the theorem oBolzano-Weierstrafthere exists an in nite subsequenteof the
i9 such that ;9i;5;, ! Y forsome 9. Repeating the argument fbr; ij23,,
there must exist again an in nite subsequedgesuch thah ;5ij,;, ! s for some
S. And repeating it once more, fdnrJQi,- 23, ,there must exist an in nite subsequence
Ja suchthah {ij;, ! Ofor some °
Now for , with the trivial in nite sequence ;::: byLemma 12, for each2 Js,

we see that there exist&: 'S and 1° such that =) c 9 isand ¢ :3 c i°

and (9; 91 0, ('s; 5! Oand (> 9! 0.Butthis means that
o}

alsoh 955, ! 9 andh Sij, g, ! sandh "ipy, ! %and hence by
Lemma2, =) ¢ 9 s.Sinceh ( 9; 9)ijpy, ! Oand 9=) ¢ %and
hid Othere exists a sequence qf9 such that 9=) ¢ 9 by Lemma 12
andh . 9i ! ° Hencealso 9=) ¢ °byLemmaZ2.

Now we check if also( 9; 9) 2 R. This holds sincéh ;%iiz;, ! 9 and
h %24, ! 9 and nally, ;9 i9 for eachi 2 J3. We can check the remaining
cases completely analogously. 2

Lemma 14. LetE =) and g 6 .Thenforever) k< 1:E6k g (1
k) .

Proof. Assume that on the contrary for a xddinfacte k g (1 k) holds.
SinceE 6 ,butkE =) ,there either must be a transititn— such that whenever

=) ¢ Othen °6 orif 6 ,then possibly directly 8) . We will refer to
this fact by(?). The second case immediately impllesg (1 k) ﬁf ¢, Which

is a contradiction to our assumption. In the rst case, swbenever =S ¢ Cthen
96 , butstill, by our assumptios  kE (1 k) , there must exists someand

some %suchthaE=) ¢ and =) ¢ %andk (1 k) ° holds. We will
refer to this fact by(?1).
Again, it cannot be the case thatcan simulate the transitioe =) ¢ . To see

this, assume the contrary. Then, for sorle =) ¢ °and O But then also
=) ck(9 @ K° k (@ k) ° .Acontradiction tq?)!
Nevertheless, by our assumptiontfiat k ¢ (1 k) , we must be able to
repeat this argument as above, such that there must exisuah that 23 ¢ and



a such thate =S ¢ andk 1 k) . We will refer to this fact by(?,).
Using this transition, we will show that this transition Bf can also be simulated by
k2E (1 k?) . Then by repeating our argumentation so farkéywe see that our
assumption must also hold f(k?)?. As we made no assumption oror the transition,
and sinceE =) by the premise of the lemma, this implies indéed k?E (1
k?2) . Itis well-known that the countable in nite sequenidgi;»n with ki = k? has
limit 0. But his implies immediately thdk;E (1 k;) ijan ! . By Lemma 13,
this implies thaE . A contradiction!

We will now show thatindeek? ¢ (1 k?) can simulate the transitida=)

. With straightforward transformationswe obt&ih ¢ (1 k?) =k? ¢ (1
K)(k+1) =k? g k(1 k) (1 k) =k(k ¢ (I k)) (1 k) .From
(?2), we know that this distribution can perform a weak transitok(k (1 k) )

(1 k) ,whichisequivalentté&( ) (1 k) withrespectto . Now we obtain the
distribution from(?1) by the transition =)  © which togetheryieldg (1 k) °
As we have argued, this is equivalent tavith respect to . From here it is then clear
thatk? ¢ (1 k?® =) k¥ ¢ k(@ K a1 k ° . 2

Corollary 1. Let 3 2 gand 6 g,butE— .Then80 k< 1: ;6
ko, (1 k).

Proof. Assume the contrary. Thenforsoe k< 1: ¢ 1 ko2 (1 k)
k e (1 k) .AcontradictiontoLemma 14 2

Lemma 15. IfE— and g 6 ,thenalso for every subdistributionandO < k
1
k e (@ k) 6Kk Q@ k):

Proof. For a concise notation, let= k g and °=(1 k) and °= for somek.
To arrive at a contradiction,assume °© 9 9 Then 0 ©0=) . Omust
hold. Say °=) ¢ %and °=) ¢ %is the respective contribution ofand °to this
distribution. Since by the premise of our lemm&=) ¢ is impossible, it cannot be

the case that®= . Hence both ®®and need to contribute to (possibly with %
contributing only . ). Expressed differently, there must exist a splittif)g ~ § = @
and a splitting §  § = ®such that $ ¢ (possibly with § = .). As

a consequence? $ $ must hold. Now we start anew with our considerations
replacing by ¢  $, whichLemma9 allows. Thus§  $ must be able to simulate

the transition of °that we have considered before. Formally, there must effst  £°
suchthat§ $=) ¢ §° {‘and $ $Pand © ¢ 5% Thisallows us now

to see how much$ could have contributed ta by contributing to $°. Analogously to
what we have seen before, for somg §; 5; Sitmustholdthat =) ¢ § 3
and $°=) ¢ § 5,with §°= 5 Sand $°= § 5. Using Lemma9, we

get H 5 3. It cannot be the case that actually = ., which means that
$9has not contributed any further to since then $ % which implies °=) ¢
P §9) c¢c 3 3sand $ 5. Acontradiction to the premise of the lemma
().

Since $°= § 5 we can repeat our arguments fG°, as we have done for?
before, and see how mucl§ can contribute to as a part of some§®  §. As above,



this results in some subdistribution§ and §, which yield a re ned representation of
, hamely $ 35 3 §, completely analogous to the above.

Repeating this argument, we obtain a sequence of diswitsit? and distributions
£, such that H ; £. As we have argued befo(@), it can never by
the case that® = .. Notethathj § ::: 7jii2n is monotonously increasing. Since

j jis bounded, there must exis2 R such thahj £ji !

We distinguish two cases. Assume= 0. Then the limit ®of hj § ::: Fjiian
is equivalent to . This fact follows sincd ; 9 is contained in the bisimulatioR of
Lemma 13. This holds sindg § ::: 7 fil Oand $ 0P ffor
alli 2 N. Furthermore, °=) ¢ %by Lemma 2. In total, this is a contradiction to the

premise of the lemma.

Now assume> 0. This means that from a certain pointjorfj . Recall that for
everyi 2 N: ¢ ] 2.1 . Combining those facts, thismeansthalj j 1]

. Thus, after a nite number of steps, for so& N this implies ¢ < §,, . Butthis
contradicts the invariant;,; < g, . 2
Lemma 16. Let , then exists °and °suchthat =) %and =) Cand

%and %and
foralC2S= : qC)= YC).

Proof. We rst de ne a set of possibly in nite internal transitiomees that will be used
tojustify =) Cand =) © respectively. The construction is identical for each
elementsin Supp( ) [ Supp( ).

Readers familiar with the notion of schedulers, can regaedallowing construc-
tion as a variant of deterministic schedulers.

Let T be an internal transition tree witBta- (") = s that is stepwise constructed
as follows. Consider a leaf. Let Sta-( ) = E. If E— and g and9G 2
Supp( ): G6 E,then continu@d with this transition. IfE allows several different
internal transitions, we choose for every nodeTlafthat is labelled byE, the same
internal transition. In all other cases, we do not contirneettee here.

If a state is continued, following the construction above, eall it a continuous
state. Otherwise, a stopping state.

For simplicity, we will now speak of staté in the treeT , when formally we mean a
node with Sta- () = E. Since we continue every such nodwith the same internal
transition, this is well justi ed.

We will now prove, that this internal transition tree indéeduces a full distribution.
Let be the subdistribution induced By, and assume, for a contradiction, thas not
a full distribution.

Let us consider an arbitrary countable sequencdy;::: of nite subtrees ofT,
which haveT as limit. Let ; be there respective induced distributions. Thes a full
distribution if and only if the sequende;(fs2 Sj sis continuougyi ! 0. Since
we assumed that is not a full subdistributionh (fs 2 Sj sis continuouygi ! L
for someL 2 N must hold.

Then the set of states occurringiincan be partitioned into two nite sets of states
(remember that we always assume that the state space i}, mémely(i) continuous



h {(D)i does not have limid andh ,Di ! | forsome0O<| 1, and(ii) the states

We now prove, that for ever®p 2 D, and its continuation and everyG 2 it
must hold that als& 2 D .

Assume the contrary and I¥t be a state in, but notinD. Assume rst thatX is
continuous. SincgSupp( )jis nite, (X)= x forsome xedrealnumbed <x 1.
Since for every occurrence @ in the tree, there is a occurrenceXfin the tree, it
follows thath ; (X )i cannot have limi0, ash ;(D)i does not have limif. But this
impliesX 2 D. A contradiction. Hence if such aX exists forD, then it must be
stopping. But this implies that whenev@roccurs, it puts some probability mass into
X, whenever it occurs. Recall thit; (D)i does do not have limid. Then there must

be some number> 0 such that for in nitely manyi 2 N, (D) . Whenever this
happens, at least(X)  probability cannot be continued in states fr@mBut then
hi(D)i! [I> 0cannothold. A contradiction.

Thus, wheneved — ,thenSupp( ) D .Letusnow xD 2 D and some node
of T labelled withD. Node in T induces a weak internal transition trée with
as root node. Sinc€ is constructed deterministic, the structure of this treesduot

depend on the particular choice of as long asSta- ( ) = D, except for the absolute
value of the probabilities associated with each node.

On every maximal path starting at we must nd in nitely many occurrenceB,
which is the state label of. Otherwise, as our construction dfis deterministic, and
jSupp( )j is nite, this would imply (D) ! 0. This must be true for every state
occurring in this weak transition tree (and moreover forgweement oD), since our
choice of was arbitrary.

Now we can construct a transition tree inducing a transftiom everyD; 2 f Dg|
DtoeveryD; 2fDg[D as follows: continue every node exactly as givefbyexcept
if Staro( ) = Dj. Inthis case, stop. We nally need to adjust all node proliés by
one constant factor such that the root node has probabjlity order to arrive at the
required transition tree. But this implies ttaf=) ¢ D; andD; =) ¢ D, and thus,
Di D;.ThusD D; foreveryD; 2 . A contradiction to the assumption, tHat
is continuous. This ends the discussion that our constmugields a transition tre®
that induces a full distribution.

Let now and let =) be the transition obtained by repeating the above
construction for eaclt 2 . And analogously for =) . Clearly, and

We will now show that whenever =) ¢ © theneither °6 ,or assigns
the same probability mass to each equivalence class o stétterespectto  ,as ©
does. And analogously for . We skip the analogous proof.

For the proof, assume the contrary, i.e’, , but the probability mass as-
signed to each equivalence class of states according taoes change. Then within
the transitions justifying =) ¢ °there must be a transitiod =) %0 together
with its weightc, for a stateE 2 Supp( ) with the following properties: within
the inducing transition tre& there is a node, labelled with a stat&€® E, i.e.,
Sta( ) = EO such thate°>— ,, where } is represented by the children ofin
T,and , 6 Eo e . Without loss of generality, we assume that no such tran-



sition has occurred in the tree on a smaller tree node lewalTI° be the subtree
of T up to and including the level of plus the children of , which represent the
distribution . Then the distribution induced by this tr@€ can be characterised as
b= 9 Prob () b, where %is a subdistribution only consisting of states that lie in
the same class &. Then by Corollary1,° Pros( ) , 6 ¢.Now consider that
=) ¢ ( E) 1 o g ¢ 9 ¢ Pros() p. ByusingLemma 9 forthe
equality and Lemma 15 for the inequality, we get

( E) @ o9e c ® cProl() go
6( E) @ o e ¢ % ¢cProb() b
However, since the distributigqn  E) (1 ¢ g ¢ ° Prog () b, isinduced

by a transition, which is based on the transition ffeapplied toE and scaled by the
factorc, we can then continue from this distribution with combinedhsitions to reach

°But © , which immediately impliesthatalfo E) (1 ¢ g ¢ ©
c Prob () » . A contradiction.
It is now easy to see that in inde&C 2 S= : (C) = (C) must hold. By

Lemmal1ll, =) ¢ C°for some °that can be split in such a way that for eder2
Supp( ) there exists a component of the splitting, callt, such that (E) ¢
g . Butin fact, whenever =) ¢ 9 as detailed out above, and °coincide in the
amount of probability mass they assign to each equivalelass accordingto , or
they are different, which would be a contradiction to theresn So it must hold that
already can be split according to the lemma. Name the componentedlitting
£, analogously to 2 above.

Ifnow g contains states from an equivalence class differgig}o , then with the
same argument as above, it must be possible to directlyBlititably. Since splitting
E yields no new equivalence classes, all stateSupp( ) are equivalent t&c and
hence also equivalent to each other. A contradiction. 2

Proof (of Theorem 2)Clause 1 of the theorem is immediate by the De nition 11.

Clause 2 follows with Lemma 16 for one direction. The otheediion follows since
=) Cand =) Otogether with ° and © is enough to establish

2

After a few more lemmas we are ready to show that our weak hisition is a congru-
ence relation with respect to parallel composition. We gste the necessary lemmas.
Note that each of the following statements also holds withriiles of and

exchanged.

Lemma 17. Let jja

1) IfaZA[ then:whenever=§ ¢ ©%then jia =) ¢ %jia .

2) Ifa2 A then: whenever =§ ¢ %and =§ ¢ %then jja = ¢ UYjia
0

3) If z(rl)) ¢ Cand =(rz)) ¢ Othen exist P® and P'® suchthat =) ¢

. r{+r .
e and =) ¢ P and pe#and Pe#and ja == '3 ¢ == Oia
1+ r2
pre ra pre i 0
F1+rs A



Proof. We prove each of these claims only for stafe§a F, instead of distributions
jia . Itis straightforward to use these results on the elemeh&upp( jja ),

to prove the claim. Furthermore, we only consider weak ttiams, and not combined

weak transitions. As the latter are obtained from weak ttans by a weighted combi-

nation with some wights; from the former, the result can be easily lifted to combined

transitions by constructing a convex combination of theaoted distributions, using

the weights; .

For Claim 1.) consider for some and a transitionE =) . Let this transition
be induced by the transition trée. De ne S to be the transition tree that coincides
with T except that for each node: Sta( ) = Sta ( ) jja F. Using the de nition
of parallel composition (De nition 2), it is straightforwe to verify thatS is indeed a
transition tree, using that every transition in the treeitise labelled bya 2 A [
or , which implies that the transitions of the left-hand-sige@nd of thej »-operator
are completely independent of the right hand side operahdny construction$
induces the transitioB jja F=)  jja F.

For Claim 2.) consider for son® andF and and the transition€ =§  and
F=J . Letthis transition be induced by the transition tle@andS respectively. Let
T %andSPbe the respective maximal subtrees, which are internasitian trees. Note
that the for every leaf of T in T the node represents aa-transition; an analogous
observation holds for every leaf 8° andS.

Using the same construction as in Claim 1, it is easy to coos# transition tree

R1 such that the nodes & are identical to those df ° except that for each node
:Sta,( )= Stao( )jaF.

Since for each leaf, Sta,( ) is then of the fornG jja F, we can use the con-
struction from Claim 1 again. But this time we &, and letF perform its transi-
tions. This gives for each leaf of R; a treeR , where each node® of R satis es
St ( 9= Sta,( )jja Staso( 9, for some leaf node®of S.

We can now construct a new transition tiee from R, by continuing each leaf
node withthetreeR . Then by our construction, the set of leave&ofis exactly the
set of all leaves satisfyingSta,( ) = Stao( 7o) jja Staso( so) andProlk,( ) =
Prob o( 10)Prokyo( so) for some 1o 2 Leaf{T% and some so 2 LeafS9. Thus,
we have so far proven that the parallel combinatiok @ndF can perform a transition
that is an interleaving of the respective transition&odndF up to and excluding the
point where the transitions labelled byare performed.

We now continue with the-transitions. By construction, each leaf is now labelled
by the parallel composition of two states, SayandH , that perform ara-transition
in the treeT andS, respectively. Says 2> ¢ andH 2» | for some ¢ and .
Therefore, following De nition 2, we geG jja H-%> g jja w. So far we have
proven that the parallel combination Bf andF can perform a transition that is an
interleaving of the respective transitionstbfindF up to andncludingthe point where
the transitions labelled by are performed. After this point, still a series of internal
transitions follows. At this point the proof continues wétreasoning exactly as in the
rst part of the proof of Claim 2 for every leaf of the tree weuvegaconstructed so far.
This nishes our proof of Claim 2.



For Claim 3, letE,F,T,S, T S®andR, be exactly as in the proof of Claim 2.
Obviously T ®andS®induce distribution distributionsto and so. These distribution
will be the distributions from which the distributiong™ and P from the claim are
constructed. In fact, they obviously satiffy=) toandF =)  so, respectively.
And by the choice o °andSlalso to#and so#.

Let alsoR, be constructed as in Claim 2. Sinceo# and go#, trivially for every
leaf of R, with Sta,( ) = G jja H we getG# andH#. As in Claim 2, by con-
struction, both constituents, s&andH of the parallel state in the leaves performs an

-transition in the tree$ andS respectively, sap ! (rs) c andH ! (r2)
By the way was de ned and De nition 2, we geG jja H !

1

i clia & %5 twlia w. We then continue analogously to Claim 2. 2

r1+rp

Lemma 18.
=(1  2ia =Cadia ) (2]ia ).
= JaCs  2=C Jia 1 ( ia 2).

Lemmal19. LetE 2 S and 2 Subdist LetE ! S8 andk g for some
0<k 1.Thenwhenever=) ¢ CthenforallG2 Supp( 9:E G.

Proof. E ! ") impliesE#, and henc& ¢ immediately impliek g 0
By Lemma 11, it must hold that g can reach a distribution that can be split into

subdistributions matching each singkg 2 Supp( 9. Formally,k g =) ¢ 1

 forsome 1;:::; k with AGi) Gi,forallG; 2 Supp( 9. SinceE#,
foreachi, ; ¢ g for some suitable;. But by transitivity of , this immediately
implies thatG E. 2

We are now in the position to show that weak bisimulation iagtuence with
respect to parallel composition:

Theorem 3. LetH; jja Hz be a Markov automato(S; jja Sz; Act; —=; »=;S,),
which results from the parallel composition of tWAsH; andH, with state spac&;
andS,, respectively. Whenevérn E, inHj, forE;;E; 2 Sy thenEy jja F

E-, ”A Fin H1 ”A H» foranyF 2 S.

This can be lifted from states tfAs in the usual manner. The congruence property
can be established for other standard process algebraiatope— with the usual root
condition being needed to arrive at a congruence for noaraeistic choice.

Proof. By Lemma 8, it suf ces to show that

R=f( 1jia ; 2iia )i 12" 2 Subdisg

is a bisimulation-up-to-splitting containing the p#éirg,j, ; e,j, )- The contain-
ment follows with setting1 = g,, 2= g, and = . Now we prove thaR
is indeed a weak bisimulation.



It is helpful to rewrite the de ning equations & to
R=f( % 9j9 1 20 1 27 2 Subdist'
2= XEjia G 1(E) (G)) ]
E 2 Supp( 1) ™ G 2 Supp( )K*
2= JF jiaG; 2(F) (G) ]
F 2 Supp( 2) " G2 Supp( YKy

Let 9 R 9. Since ; 2,J 1) = | 2j. Then obviously alsg %j = j 9j. We
skip symmetric cases. As rst step, we consider an arbitEajy, G 2 Supp( ?), with
E 2 Supp( 1) andG 2 Supp( ). Since 1 2, 2=) c 9= 29 L%and

1(E) e R 2%and( 1 E) R 5. Let 9 = JG; (G))Kand s = G. By
Lemma 17 and 18,

2jia =) ¢ gjjA =( 2° 2°)jia(° %)
=( 2%ia 9 (2%jia %)
(2%0ia 9 (2%ia )

Hence( o%jia % 2%5ia °  2°jia & ojia °)isasplitingof 9 jja
SinceJE jja G; ( 1dia NE jjaG)K= 1(E) e jia (G) ¢ bythe de nition
of parallel composition of distributiong, 1(E) g jja (G) &) R ( 29 jja 9)

follows.
For the second half of the proof of Condition Ai of weak bisiation, note that

(1iia )=
(1 B)iia 9 (1 E)iia ®
(( 1(E) Ejia %) (]J(E iia G;{;(E) (G))f)i

= 1(E) ejia 9

and hence

(1dia ) (EJiaG; 1(E) (G)R=
(1 BE)iia 9 ((1 E)iia ®)
( «(E) elia °):

Furthermore( 1 E) jja 9 R 25 jja %and( 1 E)jja SR 2°ja ®and
1(E) E jia SR 29 jja S.This nishes the rst step in our proof thaR is a
bisimulation-up-to-splitting.

As second step let us assume tBajj, G—= ~ for some ~. We distinguish three
cases:
1. = (r): This means theE ! e andG! cand~ = &( g jjia

G) S(Ejia o), whererg + rg = r. Also 9 =(rE)) ¢ % and obviously
9= JG; (GHK=Y ¢ (G) 6.

(re) (re)



According to Lemma 17, there exist§"®9 such that ,9=) ¢ 5°9 and hence

.. (re +rg) r .. r ..
2 a9 ==""9¢ TE( O jjia 9 TG( 09 jia  (G) o)

Since ;9 (E) g,bylLemmal9alsob®9  ((E) k.
Furthermore, on one hand,

1(E iia G) (& iiaG) =
1(E) (G (e jin0)=
E(1E) elia (©G) o
One now checks that this is relatedfe( jja 9) by R. On the other hand,
1(E ja G) S(E ia o) =
1(E) () S(Eia o)=
CUEE A (©) o)

which is related td&-( 59 jja (G) ) byR. This nishes the rst case.
= a2 Act anda 2 A: InthiscaseE 2> ¢ andG&» gand~ = E jja &-
Thenalso ,9 =} ¢ 99 and 1(E) 99. And 92~ (G) . Then by
Lemma 17, 2% jja 9=) ¢ 3%jia (G) c.Now,(( 1jia )E jja G)~ =
1(E) (G)( e jia 6)= 1(E) ejia (G) cisrelatedto 39 jja (G) ¢ by
R.
= a2 Act anda 2 A: In this caseE %~ g and 4 = g jja G. Then also
2923 c (Z)g and 1(E) E ggBy Lemma 17, 59 JJA g=) c 89 ”A 9
and(( 1jija NEjaG) == 1(E) (C) e jiaG)= 1(E) ejia (G) o,
whichis relatedto 39 jja (G) & = 9%jja 9DbyR.
2

4.4 Embeddings

We are now considering in what sense weak bisimulation i®peyrextension of what
we wanted to inherit from. Recall that by restricting to Rirdistributions inMAs, we
obtainIMCs [7]. We now show that our notion of weak bisimulation coites with the
one forlMCs. First, we recall weak bisimulation fémCs:

De nition 13. Let MA = ( S;Act; —; »>;S,) be anIMC. For two statess;s° 2 S,

mc SCholds if(s;s9) 2 E for some equivalence relatidaon S for whichE E F

implies for alla 2 Act and for all equivalence class€3 of E,

2.E!

1. E2» coimpliesF =}  rofor someE with ECE F©,

00 implies9F% °: F =) roandE E FPandFO!
8C2S=E: (C)= YC).

) 0and



On thelMC fragment, coincides with this original notion of weak bisimulation.
Theorem 4. Let MA be aniMC. Then, = M

Before we can prove this theorem, we need a few additionahlaspwhich we present
in the following. We calE trivial-probabilistic, if every interactive transitiorf & must
result in some Dirac distribution. Every state oflI€ is trivial-probabilistic.

If is a distribution over trivial-probabilistic states, them also call trivial-
probabilistic.

Lemma 20. Let MA = ( S;Act; —; »»;S,) be anlIMC and letE 2 S andF 2 S
andE 6 F.Thenthere exists 2 Act satisfying one of the two cases:

1. there existE? such thatE — g0 and there is no such thatF =$ ¢ and
E
2. the same with the roles Bf andF interchanged.

Proof. Let us assume the contrary. Then we can showlwat [ ( g; ¢) isa
bisimulation, which is a contradiction to our assumption.

In order to check thatR is a bisimulation, we only need to consider the
pair ( g; g). Obviouslyj gj = | gj. We skip symmetric cases. Obviously,
Supp( g) = fEg. Hence to satisfy Condition Ai of weak bisimulation, it saés
tonotethat ¢ = ¢ candJE; g(E)K= g R fgand g E= ..
Condition Aii follows immediately from the assumption we degto derive the contra-
diction. This nishes the proof since this implies tHatis a bisimulation. 2

Lemma 21. Let and be trivial-probabilistic and letSupp( ) C for someC 2
S= .Then

iff Candj j=] |:
Proof. We will only give the proof in the case where= g, since it is more instruc-
tive. It can be adapted to arbitrary C.

The direction from right to left is clear.

We now derive a useful property, which we call ¢ implies for allF 2
Supp( ): whenevelF =) ¢ fothenE=) ¢ Cand © Fo.

To see this, assume that , but there exist& 2 Supp( ) andF 2 C. Use
Lemma 20. Assume rst thaF — o for someF° such that there is no® with
E=) ¢ %and © ro. However, since itmustholdthaE =) ¢ 9 S
and 9 Fand s F and furthermore9=) ¢ %and % .. ButsinceE
is trivial-probabilistic, this immediately implies thalsaE =) ¢ % A contradiction.

We now de ne a bisimulatioiR containing all pair§ g; ) suchthat andF
are trivial-probabilistic and for each such pair there &x@ distribution with F 2

Supp( ) and g . This will immediately prove the lemma.
Obviously, foreach paif £; £):j ej j rj. The case thaE — Cis cov-
ered by property. Now letE — o for someE’ Since ¢ , =) ¢ Cand

Eo O This implies that there is®such thatF =) ¢ ©with Supp( %

Supp( 9. Pick an arbitrarfF® 2 9 SinceF s trivial-probabilistic, also ¢ =) ¢
Fo. SinceF %2 Supp( %9, alsoF°2 Supp( 9. Togetherwith go O this suf ces
to see that agai(E% F% 2 R.. 2



Let for an arbitrary se€ S and an arbitrary subdigtribution the subdistribution

€=JE; (E))jE2C\ Supp( )KObviously, = .,
Lemma 22. Let ; and » be trivial-probabilistic subdistributions. If
99: 2=) ¢ 3"8C2s= : ¢ ¥
and accordingly
9%: 1=) ¢ fn8C2s= : 5 &
Then8C 2 S= : 1(C)= ,(C).

Proof. Leti 2 f 0; 1g. Let1 = 2 and2 = 1. WhenP is a set of equivalence classes with
respectto , that have non-negative probability in — formallyP f D 2 S=
i(D) > 0g—, we letP ;| S mean thaSt is the set of equivalence classes, of which
i has a relative de cit of probability mass, compared to and which are reachable
from some state in some class containeR irFormally:

S=fD2S= jj {(D)> i(D)g\

fD2S= jE=) go"E®2Dg:
EZSP

If a classC contains some statethat can reach a stasé contained in a clasg®, then
we say that the clags can reach the class®.

Assume that, contrary to the lemma,(D) (D) = kg > Ofor someD 2
S= and somé 2 f 0;1g. In words, ; has a relative surplus of probability mass
for the classD. Sincej *j = | |9] by the premise of the lemma, there must be a
non-empty ses, S= ,suchthaftDg ; S,. The relative surplus of probability
mass oD in ; compared to ; immediately implies that(S;) i(S2) = ko kg,
sinceks is the maximum probability mass that classes fiscan “absorb” without
violatingj ©j=j CjforallC 2 S=

But now in turnS, Sz for some non-empty s&; must hold. Again, ;(Sgz)

7(Ss)  ki. Repeating this argument once more, we obtain &ssuch thatS; |
S,. But since every class iB3 is reachable by internal transitions frab, and also
every class irb, is in turn reachable from some classSg, by transitivity every class
in S, is reachable fronD. And henceS, must be a subset &;, by the de nition of

i
Furthermore, every class i® can make at least one internal transition to some
class inSz, as otherwise, if some class of S, could not do so, the relative surplus
of C could never be compensated. A contradiction to the prenfitheolemma. In
addition, sinceS; = S,, also every class 53 can make at least one transition to
some class i15,. Since our state space is assumed to be nite, a simple catdyial
argumentimplies that there is a cl&3® S, and a clas€°2 S3 such thaC can reach
classC®and vice versa. Butthe@ CO° A contradiction, since this would mean that
both (C)> (C)and {C)< ;(C).
2



Corollary 2. Let ; and , be subdistributions that are trivial-probabilistic. Then
1 2 implies that 1(C) = ,(C)forallC 2 S=

Proof.

Then by Lemma 11, together with Lemma 23,=) ¢ 9 and 8L= Cose T

where forallC 2 S=  : § . Inturn, accordingly , =  .,s. 5 and
1=) ¢ Jand 9= ., ¥ whereforallC2sS= : § . This

allows us to apply Lemma 22. 2

Proof (of Theorem 4).

LetE ¢ F. Itsufces to prove that ,,. is a weak bisimulation-up-to-splitting,
where = f(k g;k g)jO<k 1L E wmc Fg,ifwewanttoshow e

We will not check the case B of De nition 11 and only considee tompletely sym-
metric case A.

Consider an arbitrary pafk g;k ) 2 . Trivially, jk gj = jk ¢]j. Since
fEg = Supp( g), Condition Ai is obvious, considering the fact that ¢ =) ¢
k r .. Now assumeE 2~ go. Thenk ¢ :? c k poandk g(E9 go =
kK g0 wmc k pofollows immediately fromE ¢ F, Condition 1 ofIMC weak
bisimulation and the fact that whenewer) ¢ ,thenalsk =) c k .

Now considerE ! o . Then with Condition 2 ofl(MC weak bisimulation,
we get thatF =(r)) ¢ Yand8C 2 S= p¢c : (C) = YC). Now we would
like to nd for eachE 2 Supp( ) a stateF 2 9 such thatE F and

(E) = (F), in order to conclude (E) & , %F) . Although we know
that ([E]) = Y[E]), it might for example be that in° there are two stateB;
andF; suchthatFr; F, E and (E) = 9qF1)+ YF2). Butin this case we

can split the subdistribution(E) g into two subdistributionsm (E) e
°(F2)

i 0

W NF (E) g, for which we getio(Fl)(flg(Fz) (E) ¢ wm AFD) F
and % E) e m %F2) ,. Since the number of different states in
Supp( ) andSupp( 9 is nite, it is straightforward to generalise this exampler f

wholeSupp( ) andSupp( 9. This nishes the proof that ,,. is a weak bisimulation-
up-to-splitting.

and

We now prove that is also aMC weak bisimulation, which shows mc- Con-
sider arbitrary state8 andF such thaE F.
LetE &~ go. Then byE F we see rstofallthatF =) ¢ ¢ s for some
9and ®. SincefEg = Supp( ), ® = ..SinceF is trivial-probabilistic,8G 2
Supp( 9): F=) s musthold. Second, we see frdin  F, that 9=3 ¢ Cand
0
EO
This means that for an arbitrary xed sta®& 2 Supp( 9), G :? c %for some
and g0 holds. Now for an arbitrary xeds°2 Supp( %9 : G°  ECand,
sinceG is trivial-probabilistic,G :? G%must hold.

All together, this yields thaF =) ¢ =) o andE®° GO which nishes
this case.



(r)

Now letE ! . Then byE F we see rstofall thatt =) ¢ 9 s for
some 9 and °. SincefEg = Supp( ), ° = .. SinceF is trivial-probabilistic,
8G 2 Supp( 9) : F =) s Mmust hold. Second, we see froln F, that

9 =(r)) ¢ Yand 0

Since 9, by Lemma 218H 2 ¢ : E H. Fix one suchH. Since

9 =(r)) ¢ YandH 2 Supp 9), alsoH =) HC%andH?°! " for some state
H % and distribution . SinceE H, andE# by Lemma 19, als& H % holds.
Furthermore, it must hold that=) ¢ %for some “such that % and hence
by Lemma 11: =) o OCfor some °with8C 2 S= : 9C) = (C). We
then can also get an according result with the roles ahd switched. Since and

are trivial-probabilistic, by Lemma 22, this impli@C 2 IMC= : (C) = (C).

In summary, we get thaf =) H =) H%andE HoandH! ) and
8C2MC= : (C)= (C). 2

By instead dropping Markov timed transitions fraWA, we in turn obtainPAs. We
recall the de nition of weak bisimulation oRAs:

De nition 14. Let MA = (S;Act; —; »>;S,) be a PA. For two states;s® 2 S,
s pa sPholds if(s;s9) 2 E for some equivalence relatidgon S for whichE E F
implies for alla 2 Act and for all equivalence class€3 of E,

E2~ impliesF=} forsome and8C 2 S=£: (C)= (C).

By the way we designed, we expect it to be coarser thampa. Since needsto re ect
the maximal progress assumption, this only holds on the'giérece free subclass BA.
The maximal progress assumption is, however, irrelevar®4o It is thus reasonable
to remove the conditioE # from the de nition of . Let us call this variation °.

Theorem 5. Let MA be aPA. Then, ° PA.

Probabilistic forward simulation s, is the coarsest congruence induced by prob-
abilistic trace distribution, which is arguably the coatseeasonable preorder on
PA [4,19]. We will show that the kernel of 4 coincides with °in the class of
deterministidPAs.

To de ne probabilistic forward simulation, we let forarétn R S SO the
relationR® Dist(S) Dist (S be the largest relation such that there exists a function
w:S SO [0;1]suchthat R® Cimplies:

- w(s;s) > Oimpliess R <°,
—foreachs 2 S, po,soW(s;s) = (s),and
— foreachs®2 S% s w(s;s) = Us9.

L
For a distribution 2 Dist (Dist(S)), let atten ( ) = 2supp( ) ()
We note that can be considered asplittifg( 1) 1;:::; ( «) «)of atten (),

De nition 15. Let MA = (S;Act; —; »>;S,) be a PA. For two states;s® 2 S,
S twa S°holdsif(s; <) 2R forsomerelatiorR S Dist(S) forwhichE R

implies for alla 2 Act that wheneveE 2~ 9, then9 9 2 Dist(Dist(S)): .=} c
atten ( 9 and RO 9.



Theorem 6. Let MA be aPA. Then © wd - If MA is deterministic, then © =
( fwd \ fwd)-

Proof. We prove a slightly stronger fact. Weak simulation can bengel by drop-
ping the symmetric condition of weak bisimulation. We céalé tlargest weak simu-
lation- . As it is easy to see that on deterministic automata, weafblation and the
weak simulation kernel are identical. It then suf ces tosttbat weak simulation and
weak probabilistic forward simulation also coincide (obittary automata). We also
de ne weak simulation-up-to-splitting as the obvious aitaip of De nition 12, drop-
ping the symmetric condition as before. We skip a formal dgon. Lemma 8 holds
correspondingly, as we did not use the symmetric conditiotné proof. The same is

true for Lemma 11, which is adapted to simulation as followsenever - |, and
1;::1; ) is asplitting of for somek 2 N, then =) ¢ O%for some °and there
isasplitting( 1;:::; k) of suchthat; - ;foralli=1;:::;k

We rst show that the relatiorR= f(k sk )jO<k 17s g Qgisa
weak simulation-up-to-splitting. Since is a full distributionj sj = 1 = j j. Fur-
thermore, ifs2= © then, sinces a , there is ®with =) ¢ atten ( %9 and

O wa % Letw be the weight function that justies® g, ¢ With the help
of w and the splitting ofatten ( 99, that is induced by “°as described above, we
can nd splittings of °and atten ( % that satisfy the conditions of weak simulation-
up-to-splitting: For each paift; ) 2 Supp( 9  Supp( °9 with w(t; ) > 0 we
de ne the subdistributionsv(t; )  andw(t; ) . By the de nition of weight
functiont g , and hencen(t; ) t R w(t; ) . Also by the de nition of
Weiq_ht functions, we immediately see that,, g0, ( o)n 2supp( g WL ) ¢ = 0
and sy on 2supp( o WL ) = atten (1 9). This is enough to satisfy the
condition of weak simulation-up-to-splitting.

With our adaption of Lemma 11 mentioned before, it is strdmiward that if

- then there are distributions;, indexed by the states 2 Supp( ), such that

=) ¢ s25upp () (s) s = and for eacts 2 Supp( ): s - s. Note that
atten (J( s; (s)) js2 Supp( )K=  and that the functiow withw(s; s) = (S)
whens 2 Supp( ) andw(t; ) =0 otherwise, is a weight function.

It is now easy to show that the relatiéh= f(s; )j - gis a probabilistic

forward simulation. To see this assus&» 9 Then since s - , there exists ©
suchthat =§ ¢ %with °- © Following the above considerationd=) ¢ 9
and everything follows. 2

Since the simulation kernel neglects the non-determinkstinching structure of au-
tomata, we cannot expect the above equality to extend toghergl case.

5 Relation to GSPNs

We now brie y discuss in which sense we harvest the analgsisriiques as developed
for generalised stochastic Petri nets (GSPNSs), Petri nhishasupport — apart from
priorities — weighted immediate and exponentially timeshsitions [27,28]. The former



have priority over the latter. The reachability graph uihdeg an arbitrary confusion-
free GSPN is spanned by its reachable markings, and can ls&leoed isomorphic to
someMA G = (S;f g;PT;MT ;s,) satisfying:

— itis alternating in the sense tHAT andMT do not overlap on the rst component
of their triples. The set of markingsthus contains disjoint subse®s = fs2 S j
9 :(s;; )2 PTgandS; = fs2Sj9(;s9:(s;;s9 2 MT g, usually
referred to as vanishing and tangible markings.

— itis deterministi¢i.e., each vanishing state has exactly one probabilistitsttion
(necessarily labelled with).

SinceG is deterministic, for every state2 Si[ Sy, there exists a unique (sub-) distri-
bution ¢ 2 Dist(S;) suchthas=) . Whens2 S;then ¢ = g, since trivially

it holdss=) s. GSPN analysis is restricted to cases where all sycare full dis-
tributions. As argued (among others) in [27,28] using matdlculus, the stochastic
process induced by the tangible marking€ois a continuous time Markov chain, and
agrees with the one trivially induced by = (S; [f s0g;f g;PT%MT %s0). Here,

if s, 2 St thens? = s, andPT 0= : otherwise, les 2 S; be a fresh state, and
PT%= f(s3; ; s,)gand

MT %:= [ f(st; © so(3);s)js2 Supp( )g:

0
St 2 S/ s »»»s0
Indeed, the weak bisimulation de nition covers this trarsfiation as a special case,
regardless of whether or not distributions are full.

Theorem 7. LetG andH be as above. The® H.

Proof. We de ne a weak bisimulation-up-to-splittirf§ over the direct sum o& and
H, containing the pai( s,; s¢),inorderto provés H. Since for the direct sum
the states ofs andH need to be disjoint, we will denote the set of statesHoby
SP[f s2g, instead ofS; [ s8g. We uses; for states irS; and states? for states inS{.
For any distribution over states irS;, we let °denote the distribution oved?, such
that t% = (t) for every state 2 S;.

Recall the special meaning ofs for a states 2 S [ S,. We dene R;
Subdist(S, [ St) Subdis{S?) asf(c ;¢ 9 jO0<c 179s2S,:s=) g
Note that for everg, 2 S, : s, R1 2v holds. Now let

R:=Ri[ (¢ s:Cc &)j0<c 1"s285

Assume for simplicity, thasl = s,; the other case only needs a slight adaption. Ob-
viously, s, R so. We rst check the bisimulation conditions for paifs s,; sp).

The only transition thas; can perform is of the forns; ! )
for somek 2 N and(si;ri) 2 (St[ Sy) R oforalli =1;:::;k. Similarly, the
0
only transition thas? can do iss? ! © " From the de nition ofMT it follows that
= Pandthat can be splitinto 2, 0 .Ifsi2S,thenwe nd s Ry 2,
since trivially s; =) s-1fsi 2 S, then gi = &, and hence 5, R S0 This is
enough to satisfy the conditions of bisimulation-up-tditSpg.



SinceG is deterministic, for pair§ ; 9 2 Ry, we can verify that (i) =) °

and thus can match every behaviour of, and (i) °= =~ ¢,g,,,( ) & andthusfor
everyE 2 Supp( ), either ¢ R; % whenE 2 S,,orE 2 S; andthen g = g,
which implies ¢ R 2. Furthermore, whenevéd — © then immediately ° Ry
0 andifE =~ © thenalscE 2 Supp( 9. Checking the conditions of bisimulation-
up-to-splitting is now routine. 2

6 Discussion and Conclusion

This paper has integrated concepts frBAs andIMCs to build the cornerstones of a
compositional theory for systems that can execute proistibifransitions in zero time,
can delay according to exponential distributions, synels®on actions, and otherwise
run concurrently. The theory extends the onelf4€ in a conservative manner, while it
coarsens the standard theoryPdfin order to fuse sequences of immediate probabilistic
transitions. Technically, this twist is obtained by the cept of distribution splitting,
which is probably the main innovation in this work. It allofes a surprisingly simple
formulation of how transitions are fused.

ForIMC, the standard analysis trajectory is based on a weak biatronlquotient-
ing algorithm [10]. Provided this quotient is isomorphicaa@ontinuous time Markov
chain, that chain is the object of further (numerical) armlyThis approach is restricted
to models which are deterministip to weak bisimulatiorWVith the results in this pa-
per the situation is similaA, and for GSPNs: If the reachability graph of a GSPN is
deterministiaup to weak bisimulatiorthen we can associate a continuous time Markov
chain to it. The family of nets with this property comprisemfusion-free nets (and
well-speci ed [29] and well de ned [30]), and as such extarttle analysable fragment
of nets. Even more, the semantics of confused (and non-sedfiGSPNSs in the pres-
ence of cycles of immediate transitions has never been dk si@ce cycles can give
rise to subdistributions. In thi&fA setting, they do not harm. A complete semantics for
GSPNs is an obvious next task to tackle. Another importahtigato devise an ef cient
weak bisimulation quotienting algorithm, because it is key Markov chain-based
analysis approach.

To arrive at the theory presented here is remarkably dif.deven seemingly simple
results such as transitivity need great care and innovptivef concepts. The theory is
compositional with respect to parallel composition, and #xtends to other standard
composition operators.

We have shown that and the kernel of probabilistic forward simulation [4,18} ¢
incide on deterministi®A. To the best of our knowledge, no bisimulation relation with
this property has been explicitly characterised in thediiere before. As probabilistic
forward simulation is the coarsest congruence induced bigadilistic trace distribu-
tion, this suggests that is the coarsest reasonable bisimulation relation on tresdé
PA. However, further investigation will be needed to make fricise.

Finally, we remark that the quest for a good notion of equadittightly linked to
the practically relevant issue of constructing a small (gp) model that contains all
relevant information needed to analyse the system, or tqpogmit further. From this
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Fig. 5. Fusing distributions before Markov timed transitions.

perspective, there are still equalities that one may (or nadyconsider desirable — such
as between statassandu in Figure 5 — but do not hold in the theory presented here, nor
in the GSPN setting.
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