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Abstract. We investigate layered composition for real-time systems
modelled as (networks of) timed automata (TA). We first formulate the
principles of layering and transition independence for TA, and demon-
strate the validity of the communication closed layer (CCL) laws in such
a setting, by means of an operator for layered composition that is inter-
mediate between parallel and sequential composition. Next, we introduce
the principles of input/output (i/o) and partial-order (po) equivalences,
and show that such equivalences are preserved when the layered compo-
sition operator is replaced by sequential composition within the expres-
sions appearing in the CCL laws. Finally, we proceed to show that such
layering (together with equivalences obtained through the CCL laws)
can be useful in the design and verification of dense real-time systems
that consist of a network of interacting components, by bringing about a
reduction of the state-space through the exploitation of transition inde-
pendence. This is illustrated by considering a collision avoidance protocol
developed for an audio/video system of Bang and Olufsen.

1 Introduction and Related Work

Real-time systems have strict timing requirements and are used within many
safety critical applications. Such systems are becoming increasingly complex, and
often consist of multiple parallel interacting components, with the interaction
taking place by means of shared variables or by message passing along common
channels. Reasoning about such systems is much easier when the execution of the
components is viewed sequentially, as opposed to corresponding distributed or
concurrent representations. This is because the physical structure of the system
is often in the form of multiple parallel interacting components, each executing
a (sequential) program, while the system’s logical structure is in the form of a
complex protocol consisting of a sequence of layers, wherein each layer consists
of many actions distributed across the whole system [1].

Such a distinction between the physical and logical structures of a distributed
system has motivated research into techniques such as communication closedness
[2] for transforming concurrent/distributed representations of the system into

� This work has been partially funded by the German Research Council (DFG) as
part of the Transregional Collaborative Research Center “Automatic Verification
and Analysis of Complex Systems” (SFB/TR 14 AVACS, www.avacs.org).

K. Chatterjee and T.A. Henzinger (Eds.): FORMATS 2010, LNCS 6246, pp. 228–242, 2010.
c© Springer-Verlag Berlin Heidelberg 2010



Layered Composition for Timed Automata 229

appropriate (and equivalent) layered ones, in order to enable easier reasoning
about system properties.

Layering for real-time systems was first investigated in [3], where systems
are expressed in a process language that allows for the specification of events
of a (sub-)process within a given time interval (expressed by means of a timing
operator), with interaction among the (sub-)processes being via shared variables.
The timing operator is used here to enforce a temporal order between events,
which is then exploited in the layer transformation rules. A process algebra
with a new operator for layered composition (intermediate between sequential
and parallel composition) based on hierarchical graphs is presented in [4]. This
layered composition operator is then used to formalize equivalences between
distributed and layered representations of a system, by exploiting independence
between events across multiple system components, through the communication
closed layer (CCL) laws. Section 9.1 of [4] discusses real-time extensions of the
process algebra, with real-time behaviour being embedded into the algebra by
means of explicit constructs (such as a delay construct) that model the passage
of time. Such real-time extensions to the process algebra are elaborated further
in [1], wherein an assertional proof system is presented that is then used for
checking real-time side conditions for (extended) CCL laws.

However, the assertional proof system presented in the above works is not
amenable to efficient and automatic tool-based verification. There has since been
extensive study of the formalism of timed automata (TA) as an effective means
for the modelling and (automatic) verification of real-time systems. TA [5] extend
(finite) automata by augmenting them with non-negative real-valued clocks, in
order to quantitatively capture the timing behaviour of the system. The TA
model has been shown to be very amenable to automatic verification of large
real-time systems, with TA model checkers such as UPPAAL [6] and KRONOS
[7] having been successfully used in industrial case studies (such as [8]). We
therefore propose here to investigate notions of layering and communication
closedness in the context of TA. Our approach thus differs from that of previous
related works on layering (particularly [1,4]) in the following aspects:

– Previous works on layering present assertional proof systems for validating
(real-time) side conditions for the applicability of the CCL laws for process
algebras based on hierarchical graphs, under notions of process indepen-
dence, and the techniques therein are not amenable to efficient and automatic
verification. Our approach however investigates the conditions for applica-
bility of the CCL laws on timed automata based models that come equipped
with extensive tool-support for automatic verification.

– The layered composition operator used in all cases relies crucially on notions
of independence between actions, transitions, and processes across a system.
Previous works (particularly [1,4]) rely on explicitly postulated notions of
(in-)dependence, based on dependency graphs. Our work additionally uses a
semantic notion of transition independence (involving the conditions of en-
abledness and commutativity), similar to the ones that have been extensively
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studied in the context of partial order reduction approaches [9] (for tackling
the state-space explosion problem in model checking).

– The approach in previous works on layering is mainly motivated by a design
process that starts with a sequential algorithm (corresponding to the sys-
tem’s logical structure) and then gradually transforms it into a distributed
version (corresponding to the system’s actual implementation), by succes-
sively applying the layering operator. The approach in our work, on the other
hand, is motivated by the necessity of transforming a distributed represen-
tation of a system into an equivalent layered one, in order to permit easier
verification of system properties. Such easier verification is made possible by
means of the notion of input/output (i/o) and partial order (po) equivalences
between the sequential and layered compositions of processes [4]. We estab-
lish in this paper the validity of such i/o and po equivalences also between
sequential and layered compositions of timed automata, and exploit their use
in reducing the state space of large real time systems for easier verification.

Partial order reduction for timed automata has been investigated in many papers
[10,11,12,13,14,15,16,17], with a view towards reducing the system’s state space
by exploiting transition independence, with efficient symbolic techniques being
integrated within the UPPAAL model checker, by means of the UPPAAL PORT
extension [16]. Our goal here is to exploit the notions of transition independence
used within such partial order reduction techniques for timed automata, in order
to bring about a further reduction of a large system’s state space by transforming
its distributed representation into an equivalent layered version, by investigat-
ing conditions for the applicability of the CCL laws. It should be noted here
that our layering approach is complementary to partial order reduction based
approaches, while exploiting similar (in-)dependence notions at different levels.
More specifically, our contributions here are the following:

1. We first formulate the principles of layering and communication closedness
for (networks of) timed automata, by exploiting notions of transition inde-
pendence in order to formulate the CCL laws. We then proceed to show the
validity of such CCL laws in the absence of “cross-dependencies” between
system components, corresponding to [1,4].

2. Next, we formulate the notions of i/o and po equivalences, and show that
these equivalences are preserved when one replaces layered composition by
sequential composition within the expressions in the CCL laws.

3. We then proceed to show that such layering can be useful in the design and
verification of dense real-time systems that consist of a network of interact-
ing components, by exploiting (in-)dependencies in order to bring about a
reduction of the state-space, through the CCL laws, together with i/o and
po equivalences. Such a reduction is shown to complement partial order re-
duction approaches applied to (parallel compositions of) timed automata.
This is illustrated by considering a collision avoidance protocol that was
developed for an audio/video system of Bang and Olufsen [8].

The rest of the paper is structured as follows. Section 2 reviews timed
automata and their semantics. Section 3 discusses composition technqiues for
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timed automata, and introduces our operator • for layered composition, and
the consequent CCL laws. Section 4 introduces the notions of i/o and po equiva-
lences, and demonstrates their validity in the context of the CCL laws. Extension
of these results to TA enriched with data (widely used within the model checker
UPPAAL) and a methodology of using these results for state-space reduction
is also discussed. Section 5 provides preliminary ideas on the application of our
results by considering a collision avoidance protocol that was developed for an
audio/video system of Bang and Olufsen [8]. Section 6 concludes the paper along
with directions for future research.

2 Preliminaries

Given a finite set C of clocks, a clock valuation over C is a map v : C → R≥0 that
assigns a non-negative real value to each clock in C. If |C| = n, a clock valuation
is identified with a point in R

n
≥0, which we henceforth denote by �u,�v, �x, �y etc.

By �0 we denote the clock valuation where all clocks are set to 0.
A zone over a set of clocks C is a constraint defined by the following grammar

g ::= x � d | g ∧ g, where x ∈ C, d ∈ N, and � ∈ {<,≤, >,≥}. The set of zones
over C is denoted Z(C). The subset of zones having only upper bounds <,≤ is
denoted by ZU (C). In the sequel we shall identify zones with the set of clock
valuations satisfying them, so that set-theoretic operations may be applied on
zones.

Definition 1 (Timed automaton). A timed automaton (TA) is a tuple
A = (L, Σ, C, l0, lF , Inv, E), where

– L is a finite set of locations, Σ a finite alphabet, and C a finite set of clocks,
– l0 ∈ L is the initial location, and lF ∈ L the final location, with l0 �= lF ,
– Inv : L → ZU (C) assigns a clock invariant to each location,
– E ⊆ L×Σ×Z(C)×2C ×L is a finite set of directed edges between locations.

An edge e = (l, a, g, r, l′) from l to l′ involves an action a ∈ Σ, a guard
g ∈ Z(C), and a reset set r ⊆ C.

For a clock valuation �x, its time-passage is timepass(�x) = {�x + d | d ≥ 0},
where �x + d denotes the addition of a scalar d ∈ R≥0 to each component of �x.
The k-region-equivalence relation ≈k on clock valuations �x and �y is defined by

�x ≈k �y iff ∀i ≤ n :

⎛
⎝

(xi > k) ∧ (yi > k)
∨ (int(xi) = int(yi) ∧ (fr (xi) = 0 ⇔ fr(yi) = 0)∧

∀j ≤ n : ( fr(xi) ≤ fr(xj) ⇔ fr (yi) ≤ fr (yj)) )

⎞
⎠ ,

where, for a clock valuation �x ∈ R
n
≥0, xi denotes its i-th component, i.e., the

value of the i-th clock, and int(xi) and fr (xi) denote the integer and fractional
parts of xi, respectively. By [�x]k we denote the k-region containing �x, which is
the equivalence class induced by ≈k.

The semantics of a TA is given in terms of its underlying timed transition sys-
tem, which consists of an infinite set of states of the form (l, �x), where l ∈ L and
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�x ∈ R
n
≥0, with the transitions between states resulting in the formation of canon-

ical paths through the transition system.

Definition 2 (Canonical path). A canonical path π through such a timed
transition system is a (possibly infinite) sequence 〈(l0, �x0), (l1, �x1), . . .〉 of states,
subject to the following initiation and consecution conditions:

1. Initiation: l0 is the initial location and �x0 = �0.
2. Consecution (time-passage): for even i we require li+1 = li and

�xi+1 ∈ Inv(li) ∩ timepass(�xi).
3. Consecution (edges): for odd i we require ∃ e = (li, a, g, r, li+1) ∈ E :

�xi ∈ Inv(li) ∩ g and �xi+1 ∈ Inv(li+1) ∩ r(�xi).1

Let Π denote the set of all such canonical paths. A transition between two
consecutive states in such a path thus corresponds either to time-passage within
a location, or to an edge-traversal between discrete locations. The reachable
state space of the TA is then given by the set of states that are reachable from
the initial state, through the transitions of all possible canonical paths, and is
defined as follows.

Definition 3 (Reachable state space). Reach(A) ⊆ L × (C → R≥0) is the
reachable state space of a TA A, consisting of an infinite set of states of the
form (l, �x), where l ∈ L and �x ∈ R

n
≥0. It is defined inductively as follows, with

Reachi(A) denoting the reach-set under i ∈ N steps, starting from the initial
state (l0,�0) and alternating between time-passage and discrete transitions:

– Reach0(A) =
{
(l0,�0)

}
,

– Reachi+1(A) = Reachi(A) ∪ Succ(Reachi(A)), where

if i ≥ 0 even, Succ(Reachi(A)) =
{

(l, �x)
∣∣∣∣
∃ �u ∈ Inv(l) : (l, �u) ∈ Reachi(A)
∧ �x ∈ timepass(�u) ∩ Inv(l)

}

if i ≥ 0 odd, Succ(Reachi(A)) =

⎧⎪⎪⎨
⎪⎪⎩

(l, �x)

∣∣∣∣∣∣∣∣

∃ e = (l′, a, g, r, l) ∈ E
∃ �u ∈ Inv(l′) ∩ g :

(l′, �u) ∈ Reachi(A)
∧ �x ∈ Inv(l) ∩ r(�u)

⎫⎪⎪⎬
⎪⎪⎭

– Reach(A) =
⋃

i∈N
Reachi(A).

This leads to the following notion of reachability equivalence denoted by ≡. Given
two TA A1 and A2, we define

A1 ≡ A2 iff ∀i ∈ N : Reachi(A1) = Reachi(A2).

Thus the equivalence requires equal sets of reachable states after every iteration
of the transition relation.
1 To simplify subsequent proofs, we use even- and odd-numbered steps to distinguish

between time-passage and taking edges between discrete locations. Here r(�x) denotes
the valuation obtained from �x after resetting all the clocks in r.
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3 Layered Composition and CCL Laws

We have thus far considered the semantics of timed automata that operate in
isolation. However, real-time systems in practice communicate with each other
and with the environment, and this results in a composite system consisting of
communicating components. The communication between components is often
through synchronization actions drawn from a shared alphabet. We now define
three operators for constructing such composite systems: sequential, parallel, and
layered composition, where the latter is new for timed automata.

In the sequel we consider timed automata Ai = (Li, Ci, l0i, lF i, Invi, Ei, Σi),
i = 1, 2, with disjoint locations and clocks: L1 ∩ L2 = C1 ∩ C2 = ∅.

Definition 4 (Sequential composition). Let l01 �= lF 1 and l02 �= lF 2. Then
the sequential composition of A1 and A2 is defined as the timed automaton

A1; A2 = (L1 ∪ L2 ∪ {l̃F 1}, Σ1 ∪ Σ2, C1 ∪ C2, l01, lF 2, Inv1 ∪ Inv2, E),

where l̃F 1 is a copy of lF 1 disjoint from L1 ∪ L2, with Inv(l̃F 1) = Inv(lF 1) ∧
Inv(l02), and E is given by:

E = (E1 \ {(l1, a1, g1, r1, lF 1) | (l1, a1, g1, r1, lF 1) ∈ E1})
∪ {(l1, a1, g1, r1, l̃F 1) | (l1, a1, g1, r1, lF 1) ∈ E1}
∪ (E2 \ {(l02, a2, g2, r2, l2) | l02, a2, g2, r2, l2) ∈ E2})
∪ {(l̃F 1, a2, g2, r2, l2) | (l02, a2, g2, r2, l2) ∈ E2}.

Thus A1; A2 is obtained by first performing the actions in A1 and then perform-
ing the actions in A2. The final location lF 1 of A1 and the initial location l02 of
A2 are amalgamated to a new location l̃F 1. It is assumed here that invariants of
lF 1 and l02 are mutually consistent2. This definition is adapted from [18,19].

Definition 5 (Parallel composition). The parallel composition is defined by

A1‖A2 = (L1 × L2, Σ1 ∪ Σ2, C1 ∪ C2, (l01, l02), (lF 1, lF 2), Inv, E),

where ∀ (l1, l2) ∈ L1 × L2 : Inv(l1, l2) = Inv1(l1) ∧ Inv2(l2) and E given by:

– Synchronization: If ei = (li, ai, gi, ri, l
′
i) ∈ Ei for i = 1, 2 with a1 = a2 then

((l1, l2), a1, g1 ∧ g2, r1 ∪ r2, (l′1, l
′
2)) ∈ E.

– Interleaving: (1) If e1 = (l1, a1, g1, r1, l
′
1) ∈ E1 with a1 /∈ Σ2 then

∀ l2 ∈ L2 : ((l1, l2), a1, g1, r1, (l′1, l2)) ∈ E.
(2) Conversely, if e2 = (l2, a2, g2, r2, l

′
2) ∈ E2 with a2 /∈ Σ1 then

∀l1 ∈ L1 : ((l1, l2), a2, g2, r2, (l1, l′2)) ∈ E.

2 Our example in Section 5 satisfies this condition.
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Note that parallel composition is symmetric, it involves a CSP-style synchro-
nization on common actions and interleaving on disjoint actions. This compo-
sition does not respect the dependencies between the individual components3.
As mentioned in the introduction, a real-time distributed system often consists
of (sequential) phases that execute in parallel on multiple platforms, wherein an
action (resp. transition) within a given phase can execute only after all dependent
actions (resp. transitions) in each preceding phase have been executed.

Motivated by this, we now proceed to define layered composition between two
TA. As in [1,4], we assume in this definition an explicitly postulated notion of
dependencies between the actions of the timed automata that constitute the
layered composition, as part of the overall system specification. The edges of the
timed automata are then dependent iff they execute dependent actions.

Actions/edges that are not dependent are termed independent. Two indepen-
dent actions need to satisfy the conditions of enabledness and commutativity.
Enabledness here implies that they do not disable each other, while commuta-
tivity implies that they can be executed in either order starting from a given
input state, and yet result in the same (or an “equivalent”) output state. We
refer to [10,16] for formal definitions of independent actions in timed automata.
The dependency between two actions a and b is denoted a � b, their indepen-
dence by a �| b. We stipulate that the dependency relation � is reflexive. Two
TA A1 and A2 are said to be independent, denoted A1 �| A2, iff every action
of A1 is independent of every action of A2.

Definition 6 (Layered composition). The layered composition is defined by

A1 • A2 = (L1 × L2, Σ1 ∪ Σ2, C1 ∪ C2, (l01, l02), (lF 1, lF 2), Inv, E),

where Inv and E are as in the parallel composition A1‖A2, except that part (2)
of the interleaving case is now different:

– Synchronization: If ei = (li, ai, gi, ri, l
′
i) ∈ Ei for i = 1, 2 with a1 = a2 then

((l1, l2), a1, g1 ∧ g2, r1 ∪ r2, (l′1, l
′
2)) ∈ E.

– Interleaving: (1) If e1 = (l1, a1, g1, r1, l
′
1) ∈ E1 with a1 /∈ Σ2 then

∀ l2 ∈ L2 : ((l1, l2), a1, g1, r1, (l′1, l2)) ∈ E.
(2) If e2 = (l2, a2, g2, r2, l

′
2) ∈ E2 with a2 /∈ Σ1 and

∀l1, l
∗
1 ∈ L1 : l1

∗−→ l∗1 ∀e1 = (l1∗, a1, g1, r1, l
′
1) ∈ E1 : a1 �| a2, then

((l1, l2), a2, g2, r2, (l1, l′2)) ∈ E,

where l1
∗−→ l∗1 expresses that l∗1 is reachable from l1 in the syntactic structure

of A1 through an arbitrary sequence of edges.

Thus only part (2) of the interleaving case differs from parallel composition: an
interleaving edge of the second automaton A2 is allowed to execute only after all

3 We assume local time semantics as in [10,16] to obtain fewer dependencies induced
by timing.
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A1:

l01

l1

lF 1

A2:

l02

lF 2

a

x ≥ 1

b

x ≤ 2
x := 0

c

x ≤ 2
d

y ≤ 1

A1; A2:

l01

l1

flF 1 lF 2

a

x ≥ 1

b

x ≤ 2
x := 0

c

x ≤ 2

d

y ≤ 1

Fig. 1. Left : timed automata A1 and A2 with the stipulated dependency a � d; right :
sequential composition A1; A2

dependent edges of the first automaton A1 have been executed. Figures 1 and 2
illustrate the three composition oparators for two simple timed automata.

We now proceed to formulate and validate the CCL laws (equivalences) of
[1,4] for layered composition of timed automata.

A1‖A2:

(l01, l02)

(l1, l02)

(lF 1, l02)

(l01, lF 2)

(l1, lF 2)

(lF 1, lF 2)

a

x ≥ 1
a

x ≥ 1

b

x ≤ 2
x := 0

b

x ≤ 2
x := 0

c

x ≤ 2
c

x ≤ 2

d

y ≤ 1

d

y ≤ 1

d

y ≤ 1

A1 • A2:

(l01, l02)

(l1, l02)

(lF 1, l02)

(l1, lF 2)

(lF 1, lF 2)

a

x ≥ 1

b

x ≤ 2
x := 0

b

x ≤ 2
x := 0

c

x ≤ 2
c

x ≤ 2

d

y ≤ 1

d

y ≤ 1

Fig. 2. Left : parallel composition A1‖A2; right : layered composition A1 • A2

Theorem 1 (CCL laws for timed automata). For all timed automata A1,
A2, B1, and B2, with A1 �| B2 and A2 �| B1, the following communication
closed layer equivalences (CCL laws) hold for the reachability equivalence ≡ :

1. A1 • B2 ≡ A1‖B2 (Indep)
2. (A1 • A2)‖B2 ≡ A1 • (A2‖B2) (CCL-L)
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3. (A1 • A2)‖B1 ≡ (A1‖B1) • A2 (CCL-R)
4. (A1 • A2)‖(B1 • B2) ≡ (A1‖B1) • (A2‖B2) (CCL)

Proof. Owing to space limitations, we provide below only a brief sketch of the
proof of the law CCL-L. The proofs of the other CCL laws are similar.
Given TA A1, A2, B2, with A1 �| B2, we show (A1 • A2)‖B2 ≡ A1 • (A2‖B2),
i.e., the sets of reachable states are equal at every iteration i of their transition
relations.4 The proof is by induction over i.

The containment Reachi(A1•(A2‖B2)) ⊆ Reachi((A1•A2)‖B2) is not hard to
see intuitively, as the parallel composition operator dominates on the right-hand
side and the layered composition operator on the left-hand side. The dominance
of layered composition induces fewer interleavings on the basis of the respective
dependencies, as seen from the definition earlier.

We show Reachi((A1 •A2)‖B2) ⊆ Reachi(A1 • (A2‖B2)) by induction over i.
Induction Basis. This case i = 0 is obvious.
Assume that the containment holds for some i.

Induction Step. Consider ((lA1, lA2, lB2), (�u,�v, �w)) ∈ Reachi+1((A1 • A2)‖B2).
For the case where ((lA1, lA2, lB2), (�u,�v, �w)) ∈ Reachi((A1 • A2)‖B2) the proof
is again immediate from the induction hypothesis. We now examine the cases
where ((lA1, lA2, lB2), (�u,�v, �w)) ∈ Succ(Reachi((A1 • A2)‖B2)).

If i is even, the preceding transition corresponds to time-passage, which is
possible also in A1 • (A2‖B2), and the proof then follows immediately.

If i is odd, using the fact that A1 and B2 are independent (thereby ruling
out synchronization between A1 and B2), we see that the preceding transition
corresponds to an action which could have been performed (a) either by A1, A2,
B2 individually, (b) or as a synchronization action involving A1 and A2, (c) or
as a synchronization action involving A2 and B2.

The cases corresponding to the preceding transition having been executed
individually either by A1 or by A2 are relatively straightforward, as are the
cases (b) and (c). We now consider the case where the preceding transition
corresponds to an action performed by B2 alone. This means that there exist
((lA1, lA2, l

′
B2), (�u′, �v′, �w′)) ∈ Reachi((A1 • A2)‖B2) and e = (l′B2, a, g, r, lB2) ∈

EB2 such that �u′ ∈ Inv(lA1) ∩ g, �v′ ∈ Inv(lA2) ∩ g, �w′ ∈ Inv(lB2) ∩ g, with
�u = r(�u′), �v = r(�v′), �w = r( �w′). The proof is then immediate from the induction
hypothesis, and using the fact that A1 and B2 are independent. ��

4 Equivalences

We now formalize the notions of input/output (i/o) and partial order (po) equiv-
alences as a means of relating sequential and layered composition. In particular,
we show that, for two timed automata A1 and A2, it is always the case that
A1; A2 and A1 • A2 are i/o and po equivalent, irrespective of any (in-) depen-
dence relation between the actions of A1 and A2.

4 We identify nested pairs ((x, y), z) and (x, (y, z)) of locations with tuples (x, y, z).
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We elaborate on these equivalences, through the following definitions and
lemmas.

Definition 7 (i/o equivalence of paths). Given two TA A1 and A2 with Π1

and Π2 denoting the corresponding sets of finite, canonical paths ending in lF 1

and lF 2, respectively, and given a relation ≈ relating the locations of A1 and
A2, a path π1 ∈ Π1 is i/o equivalent to a path π2 ∈ Π2 (relative to ≈), denoted
π1 ≡i/o π2, where πi = 〈(l0i,�0), . . . (lF i, �xi)〉, i = 1, 2, iff l01 ≈ l02, lF 1 ≈ lF 2,
and �x1 ≈k �x2, where k is the maximum of all constants in A1 and A2

Definition 8 (Layered normal form). A (finite) canonical path π of A1 •A2

is in layered normal form (LNF) if it consists of consecutive transitions from E1

passing through lF 1, followed by consecutive transitions from E2 ending in lF 2

(i.e., no transition from E2 precedes a transition from E1).

Definition 9 (po equivalence of paths). Let A1 and A2 be two TA sharing
a common alphabet Σ, with Π1 and Π2 denoting the corresponding sets of finite,
canonical paths. Let ≈ be a relation between the locations of A1 and A2. A path
π1 ∈ Π1 is po equivalent to π2 ∈ Π2, denoted π1 ≡po π2, relative to ≈ on
the corresponding locations, and region-equivalence on the corresponding clock-
valuations (w.r.t the maximum constant of A1 and A2) if πi can be obtained
from π3−i by repeated permutation of adjacent independent transitions separated
by only one time-passage.

Thus, two po equivalent paths π1 and π2 (relative to region-equivalence on their
clock valuations and ≈ on their locations) differ only in the (permutative) or-
dering of independent transitions. This definition has been adapted for TA from
[20].

Lemma 1. Let A1 and A2 be two TA, let Π denote the set of all finite, canonical
paths of A1 •A2, and ΠL ⊆ Π the subset of these paths that are in LNF. It then
holds that ∀π ∈ Π ∃π′ ∈ ΠL : π ≡i/o π′ ∧ π ≡po π′.

The proof follows from the definitions of layered composition of TA, and of i/o
and partial order equivalences between paths of a TA. Thus, every path of a
layered composition can be rewritten into an i/o and po equivalent path that is
in layered normal form.

The notions of i/o and po equivalence are then lifted to TA as follows:

Definition 10 (i/o and po equivalence of TA). Let A1 and A2 be two TA
sharing a common alphabet Σ, with Π1 and Π2 denoting the corresponding sets
of finite, canonical paths that end in their respective final states. Then A1 and
A2 are i/o (resp. po) equivalent, denoted A1 ≡i/o A2 (resp. A1 ≡po A2), iff
∀π1 ∈ Π1 ∃π2 ∈ Π2 : π1 ≡i/o π2 (resp. π1 ≡po π2), and conversely, ∀π2 ∈
Π2 ∃π1 ∈ Π1 : π1 ≡i/o π2 (resp. π1 ≡po π2).

We then have the following theorem that establishes the i/o and po equivalence
between sequential and layered compositions of timed automata
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Theorem 2. For any two TA A1 and A2 we have A1 • A2 ≡i/o A1; A2 and
A1 • A2 ≡po A1; A2.

Proof. We provide a brief sketch of the proof here owing to space limitations.
We first introduce a relation � that relates locations of A1 •A2 with those of

A1; A2. ∀l1 ∈ L1 with l1 �= lF 1 : (l1, l02) � l1, ∀l2 ∈ L2 with l2 �= l02 : (lF 1, l2) �
l2, and (lF 1, l02) � l̃F 1 (where l̃F 1 is as defined for sequential composition).

Let Π ; (resp. Π•) be the set of all finite, canonical paths of A1; A2 (resp.
A1 • A2) ending in lF 2. Then

– ∀π ∈ Π ; ∃π′ ∈ Π• : π′ ≡i/o π ∧ π′ ≡po π, such that π′ is in LNF.
– ∀π ∈ Π• ∃π′ ∈ Π ; : π ≡i/o π′ ∧ π ≡po π′, where π is either in LNF, or is

i/o and po equivalent to another path in Π• that is in LNF (cf. Lemma 1).

The i/o and po equivalence between π and π′ above is relative to � between
their respective locations, and to region equivalence (w.r.t the maximum of all
constants of A1 and A2) between the clock valuations. The i/o and po equivalence
between A1; A2 and A1 • A2 then follows as an immediate consequence. ��
Corollary 1. Replacing • by ; within the expressions appearing in Theorem 1
yields i/o and partial order equivalences.

Proof. The proof follows from Theorems 1 and 2. ��
A consequence of Corollary 1 is the preservation of (timed) LTL and CTL prop-
erties without the next operator (see [12] and Chapter 8 of [21]).

Extensions to TA with Data. We have thus far considered (simple) TA that
communicate by means of sychronization actions drawn from a shared alphabet,
and an explicitly postulated notion of a dependency relation between actions.
TA models used within model checkers such as UPPAAL are often extended
with data variables that range over finite subsets of integers. We do not provide a
formal definition of such extended TA, but instead refer the reader to Section 4.4
of [22] for the details concerning their syntax and semantics.

For such extended TA, one may now infer the dependencies from the syntactic
structure of the given TA, based on the Read and Write sets associated with
the actions. Two actions are dependent in such a setting if one of the two writes
a variable that is read or written by the other action (see Section 4 of [1] for
formal details).

The complementary independence relation then respects the commutativity
condition necessary for partial order reduction. I/O and po equivalence for paths
of such extended TA are defined as earlier (i.e., relative to a ≈-relation on their
locations and appropriate region-equivalence on their clock valuations), together
with identity on their data valuations.

Theorems 1 and 2 and Corollary 1 then carry over to extended TA under such
modified notions of i/o and po equivalences.
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Methodology. We now outline the intended methodol-
ogy on a schematic example. Suppose we want to verify
for TA A1, A2, B1 that the system (A1; A2)‖B1 satis-
fies a temporal formula ϕ without the next operator. If
A2 �| B1 we can reduce the state space of the TA sys-
tem by applying to it the equivalences stated above, as
shown on the right-hand side. Thus it suffices to check
that (A1‖B1); A1 satisfies ϕ. If each of A1, A2, B1 has
10 locations then original TA system has 200 locations
whereas the transformed system has 110 locations.

(A1; A2)‖B1

≡po { Corollary 1 }
(A1 • A2)‖B1

≡ { CCL-R }
(A1‖B1) • A2

≡po { Corollary 1 }
(A1‖B1); A2.

We proceed to apply such a methodology for easier automatic verification of
a large system consisting of a network of data-enriched TA.

5 Example: Audio/Video Collision Avoidance Protocol

We present in this section preliminary ideas on the application of the techniques
discussed so far (in particular, the CCL laws and the corresponding i/o and
po equivalences) towards easier automatic verification of large real-time systems
modelled as networks of timed automata. For this purpose, we consider a collision
avoidance protocol that was developed for an audio/video system of Bang and
Olufsen, whose formal modelling and analysis is considered in detail in [8], using
the UPPAAL tool for modelling the protocol as a network of timed automata.
The treatment of the protocol in this section is brief, and is only intended to
illustrate a possible application of the layering and partial order equivalences
discussed hitherto for easier verification of networks of TA.

The UPPAAL model of the collision avoidance protocol presented in [8] con-
sists of a network of nine timed automata communicating in parallel. The pro-
tocol schematic is described in Figure 3. This is a simplified version of the
schematic found in [8], omitting the names of shared variables and channels.
The schematic essentially describes the communication between two (sender)
systems A and B that send data frames via a shared Bus.5. Each (sender) sys-
tem consists of a corresponding Sender (SA, SB), Detector (DetA, DetB), Frame
Generator (FGA, FGB), and Observer (ObsA, ObsB).

The protocol is given by the Sender and Detector, where the Sender transmits
frames over the shared bus, while the Detector performs collision detection.
The Frame Generator and Observer in a sense constitute the environment in
which the protocol operates. The protocol together with its environment is then
represented by a parallel composition of nine (data-enriched) timed automata:

System = SA ‖ObsA ‖DetA ‖FGA ‖Bus ‖SB ‖ObsB ‖DetB ‖FGB.

This system is required to satisfy the following informal correctness properties

1. Any frame transmitted by a Sender X (where X is A or B) that is destroyed
due to collision is (eventually) detected by X .

2. Collision detection must be simultaneous across all senders.

5 Receiver systems are not relevant for the analysis.
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R & W
variables

ObsB

R & W
variables

Fig. 3. Audio/video protocol as a network of timed automata, adapted from [8]

These properties may be formally expressed as a CTL formula (without the next
operator) involving conditions on the shared data variables (see [8]).

Based on the detailed timed automata models given in [8], we find that each
Sender System comprises 19 discrete locations, each Detector 8 locations, each
Frame Generator 7 locations, each Observer 1 location, while the Bus contains
2 discrete locations. Thus the total number of discrete locations in the parallel
composition is 192 × 82 × 72 × 12 × 2 (i.e., over 2 million discrete locations). The
timing behaviour of the system is governed by a single clock Ac per sender that
runs locally, consistent with the local time semantics introduced in [10].

We however note that the execution of each Sender System described in [8]
consists of three sequential phases corresponding to initialization (Init) (com-
prising 8 discrete locations), transmission (Tx) (comprising 5 discrete locations),
and collision response (Coll) (comprising 6 discrete locations). For simplicity, we
consider only a single run of the protocol and thus ignore cross-over edges be-
tween phases. Each Sender (as given in Figure 10 of [8]) may then be described
by the following sequential composition of timed automata

SX = InitX ; TxX ; CollX ,

where X denotes either A or B.
Exploiting the fact that certain “cross-dependencies” do not exist in the sys-

tem (for instance, between TxA and InitB), and the consequent application of
the CCL laws and the corresponding partial order equivalences, we may rewrite
the system’s composition as follows:
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System′ = Bus ‖ ( (InitA‖InitB)

;

(FGA ‖FGB ‖TXA ‖TXB)

;

(DetA ‖DetB ‖ObsA ‖ObsB ‖CollA ‖CollB) )

Based on the methodology described at the end of Section 3, it follows that
System and System′ are po equivalent, and thus the satisfaction of the desired
correctness property (expressed in CTL without next) is preserved when trans-
forming System into System′. An advantage of such a transformation is that
System′ is much easier to reason about than System (given that ; dominates
in the former, as opposed to ‖ in the latter). In fact, it may be seen that the
number of discrete locations in System′ is a little over 7000, yielding a state
space reduction by a factor of over 300.

Such a layered transformation may be seen as being complementary to the
well-studied partial order reduction approach to the model checking of networks
of timed automata, given that exactly the same class of system properties is
preserved. In fact, such a layered transformation performs, in a certain sense,
partial order reduction on the system apriori.

6 Conclusion

We have presented a framework for layered reasoning of complex real-time sys-
tems modelled as networks of timed automata. This was achieved by means of
a layered composition operator that enables a combination of both parallel ex-
ecution and sequential verification, by appropriately exploiting (in-)dependence
conditions across components. The approach complements the partial order re-
duction approach in the verification of real-time systems, in the sense that layered
transformation using the CCL laws and the resulting i/o and po equivalences
bring about an apriori (partial order) reduction of the state space to be explored.
Preliminary ideas on the application of the approach have been illustrated on
a realistic example. Future work includes the extension of these techniques to
more complex models of real-time systems such as Phase Event Automata [23],
and their application to detailed analysis on realistic examples.

Acknowledgements. We wish to thank the reviewers for useful feedback.
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