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Motivation: why bisimulations?

Behavioral Equivalences: Bisimulations, simulations, ...

» Bisimulation is a key notion in system modelling and
verification to reduce the state space, etc.

» from the 926 AVACS publications, many of them are about
simulations/bisimulations...

» Yesterday, today and tomorrow ...



Yesterday: my time at Saarland

My dissertation is about deciding simulations for probabilistic
automata..., based on...
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Message of this talk

State based bisimulations for probabilistic systems have too
powerful distinguishing power: we need distributions!



QOutline

» Motivation

» Bisimulations for Labelled Transition Systems

» State & Distribution based Bisimulation for Probabilistic
Automata

» Weak Blsimulation for Probabilistic Automata

» Conclusion



Labelled Transition System

A labelled transition system (LTS) is a tuple A = (S, Act, —)
where

» S is a finite set of states,

» Act is a finite set of actions,

» — C S x Act x S is a transition relation.
We write s 2 s’ if (s,a,5") €—.



Bisimulation for LTS

Given a LTS A = (S, Act,—), a binary relation R C S x S'is a
bisimulation if sRt implies that

1. Vs 3 ¢, 3t 2 ¢ such that s’Rt’, and
2. symmetrically, Vt = t/, 35 2 s’ such that s'Rt’,.

We write s ~ t whenever there is a bisimulation R such that sRt.
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Bisimulation for LTS

Given a LTS A = (S, Act,—), a binary relation R C S x S'is a
bisimulation if sRt implies that

1. Vs 5 &, 3t 5 ¢’ such that s'Rt/, and
2. symmetrically, Vt 2 /, 35 2 s’ such that s'Rt’,.

Some properties:

1. ~ is an equivalence relation, its the largest bisimulation
relation.

2. = is a preorder, its the largest simulation relation.

bisimulation is not necessarily equivalence relation!



Probabilistic automata

Let D(S) denote the set of distributions over S. A probabilistic
automaton (PA) is a tuple A = (S, Act, —) where

» S is a finite set of states,

> Act is a finite set of actions,

» — C S x Act x D(S) is a probabilistic transition relation.
We write s 2 1 if (s,a, jt) €—.

1. A LTS is a PA with only Dirac distributions.

2. A Markov chain is a PA such that s = ;i and s LN w imply
a=a,p=y.



Bisimulation for LTS: how to extend it for PAs?
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Bisimulation for LTS: how to extend it for PAs?

Given a LTS A = (S, Act,—), a binary relation R C S x S'is a
bisimulation if SRt implies that

1. Vs 2= ¢, 3t 3 t' such that s'Rt’, and
2. symmetrically, Yt = t/, 35 2 s/ such that s'Rt’,.

We write s ~ t whenever there is a bisimulation R such that sRt.

Adapt the first condition by:
Vs 2 u, 3t 5 1/ such that Ry

how to define uRu'?



(State-based) probabilistic bisimulation Larsen & skou'so

Lifted relation: looks simpler, but more restrict for defining

simulations
Given a PA A = (S, Act,—), an equivalence relation R C S x S is
a bisimulation if sRt implies that
> Vs 2 w, 3t i>p v such that for all equivalence class
CeS/R, u(C)=r(C).

We write s ~ t whenever there is a bisimulation R such that sRt.



(State-based) probabilistic simulation jonsson & Larsen 01

Lifted relation: weight functions are used for defining

simulations
Let R € S xS, and i and v be two distributions. Then p RF v if

there exists a weight function w : S x S — [0, 1] such that
1. Vs:) csw(s, t) = u(s)
2. Vt:) csw(s, t) =v(t)
3. VY(s,t): w(s,t) > 0= sRt.



Summary

bisimulations with lifting are complex

Baier et. al.



Distinguishing power of state-based bisimulation
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Distinguishing power of state-based bisimulation
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However, the states g and g’ should be bisimilar, since it should
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Key observation: we need to define ~ directly over D(S), not a
lifted relation from S!.



Solution: Distribution-based bisimulation poyen et. a1’08

For labelled Markov chains

> A relation R C D(S) x D(S) is a bisimulation if Rv implies
that

> u(F) = v(F);
> (Mau) R (Myv) for all @ € Act.



Distribution-based bisimulation for PA

A relation R C D(S) x D(S) is a bisimulation if yRv implies that
1. Vu 3 4/, v 2 0/ such that /Ry

2. symmetrically for v.
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Distribution-based bisimulation for PA

A relation R C D(S) x D(S) is a bisimulation if yRv implies that
1. Vu 3 4/, v 2 0/ such that /Ry

2. symmetrically for v.

» But, how to define p1 = 1/?

» Answer: Lifted transitions!



Lifted transitions

» A natural definition: p = /' if

Vs € [p],3s Sp ps such that p/ = Z,u(s) < Y.
S

» Only definable for input enabled systems; that is,
Act(s) = Act for all s € S, where Act(s) := {a|s > u} is
the set of enabled actions in s.



Lifted transitions

» A natural definition: p = /' if

Vs € [p],3s Sp ps such that p/ = Z,u(s) - s
S

» Only definable for input enabled systems; that is,
Act(s) = Act for all s € S, where Act(s) := {a|s > u} is
the set of enabled actions in s.

» How about general PA? Input enabled consistent splitting!



Distribution-based bisimulation for PA

A distribution p is transition consistent, written as ﬁ if all states
in its support have the same set of enabled actions.
Definition
A relation R C Dist(S) x Dist(S) is a distribution-based
bisimulation iff ;n R v implies:
1. Vu 3 4/, 3v 3 o/ such that /Ry
2. if not 77, then there exists j = ZO</<n pi - i and
v= Zo<:<n pi - vj such that 71 i and p; R v for each
0<i<nwhere) (., pi =1 with p; >0 for each i.
3. symmetrically for v.

We say that i and v are distribution-based bisimilar iff there exists
a distribution-based bisimulation R with pRuv.



Weak Bisimulation Yardsticks LICS'10
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Weak Transitions

» Define ;= 1/ iff there exists a transition s — 15 for each
s € Supp(p) such that p/ =" g, 000 1(S) - s.

» Then, s =— w iff there exists

Ds = /’LO_>+NS<7
T

T S Vade R T

T S s S

where p =", p) . We write s == 1 iff there exists
s =51
» =2 is defined similarly.



(State-based) Weak Bisimulation

Definition
An equivalence relation R C S x S is a state-based bisimulation iff s R r
implies that
» for all s 2 p, there exists a weak transition r =>c 1/ such that for
all equivalence class C: p(C) = 1/(C).



Weak Bisimulation LICS'10

Definition 11 (Weak Bisimulation). A relation R over
subdistributions over S is called a weak bisimulation if
whenever (11 R o then for all o € ActX:

| = |pa2 (1
and
A.) VE € Supp(p1): g9, po®: po =>c p2? © po® and
(i) [(E,p1(E))] R p2? and (p1—E) R p2®
(i) whenever E — y} for some 1| then p9 =
p" and p(E) - py R p”
and

B.) VF € Supp(p2): 3pu?, p1®: p1 =>c 19 @ p1® and
(i) p? R [(F, p2(F))] and pa® R (p2—F)
(ii) whenever F' - il for some iy then 19 ==>¢
p" and p" R pa(F) - ph



LICS Open Problem LICS'10

Finally, we remark that the quest for a good notion of equality is tightly
linked to the practically relevant issue of constructing a small (quotient)
model that contains all relevant information needed to analyse the
system, or to compose it further.

From this perspective, there are still equalities that one may (or may not)
consider desirable...
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LICS Open Problem LICS'10
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Decomposability: Source of the matters

See clause B, we consider all F in the support individually:

(i) [(B,p1(E))] R po? and (u1—E) R p2®

(i) whenever E — y} for some 1| then p9 =
p" and p(E) - py R p”

and
B.) VF € Supp(p2): 3pu?, p1®: p1 =>c 19 @ p1® and

(i) p? R [(F, p2(F))] and pa® R (p2—F)

(ii) whenever F' - il for some iy then 19 ==>¢
p" and p" R pa(F) - ph



Late Weak Bisimulation

Definition

A distribution g is transition consistent, written as 7 if for any

s € Supp(p) and a # 7, s == ~ for some 7 implies ;1 == ~' for some 7.
For a distribution being transition consistent, all states in the support of
the distribution should have the same set of enabled visible actions.



Late Weak Bisimulation

Definition
R C Dist(S) x Dist(S) is a late distribution bisimulation iff u R v
implies:
1. whenever u <c i/, there exists a v ==¢ 1/ such that i/ R v/:
2. if not ﬁ then there exists 1 = > o, pi - j1; and
V= Y o<j<p Pi - Vi such that 17 and p; R v; for each 0 < i < n
where Zogignpi =1,
3. symmetrically for v.

We say that p and v are late distribution bisimilar, written as u /2 v, iff
there exists a late distribution bisimulation R such that 1 R v. Moreover
s R riff Ds & D,.



LICS Open Problem LICS'10
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Late Weak Bisimulation wrt Schedulers

A scheduler is a function from finite paths to distribution of enabled
transitions.

Definition

Let &1,&,€ € S for a given set of schedulers 5. R C Dist(S) x Dist(S) is
a late distribution bisimulation with respect to S iff © R v implies:

1. whenever 1 3¢, 1/, there exists v ==, 1/ such that i/ R v/;

2. if not 77, then there exists ;1 = > ;- pi - jti and
v :T>5 ZO<i<n pi - v; such that m ;n7d wi Rviforeach0<i<n
where Y . pi =1,

3. symmetricgllgl for v.

We write 11 /% v iff there exists a late distribution bisimulation R with
respect to § such that u R v. And we write s =% r iff Ds /% D,.



Late Weak Bisimulation wrt Schedulers

Realistic Schedulers
» Partial Information Schedulers (deAlfaro) Sp: it can only distinguish
states via different enabled visible actions.
» Distributed Schedulers (Giro & D'Argenio) Sp: each component can
use only that information about other components that has been
conveyed to it beforehand
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states via different enabled visible actions.
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Late Weak Bisimulation wrt Schedulers

Definition
Let &1,&,& € S for a given set of schedulers 5. R C Dist(S) x Dist(S) is
a late distribution bisimulation with respect to § iff © R v implies:
1. whenever p ¢, i/, there exists v ==, 1/ such that 1/ R V/;
2. if not ﬁ then there exists 1 = > o, pi - j1; and
V=S¢ Y g<ic, Pi- Vi such that 1; and p; R v; for each 0 < i <n
where Zogign pi=1;
3. symmetrically for v.

We write i1 /% v iff there exists a late distribution bisimulation R with
respect to S such that u R v. And we write s =% r iff Dg /% D,.

In the above definition, every transition is induced by a scheduler in §.
Obviously, when § is the set of all schedulers, these two definitions
coincide. Thus, s1 /R s, <= 5 ~%, 2 provided s; and s, contain no
parallel operators, as in this case Sp represents the set of all schedulers.



Late Weak Bisimulation wrt Schedulers

Theorem
For any states s; and s, s1 = s iff 1 &%, 5.

Theorem
For any states s1, s», and ss,

s1 ~%, 2 implies s [[as3 %) 52 A Ss.



Conclusions

Distribution Based Bisimulation

» Bisimulation based on distributions
> Coarser than existing weak bisimulation

» Nice properties wrt. realistic schedulers

More extensions and properties
» Markov automata
> Relation to trace distribution
> Decision algorithm
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Thank you for your attention!
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